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Notations

L(X)

The algebra of all bounded linear operators from X into itself

The null space of A
The range space of A
The graph of A
The ideal of all compact operators on X
The set of all closed densly defined
The family of weakly compact from X to Y
The set of strictly singular operators from X to Y
The set of strictly cosingular operators from X to Y
An arbitrary non zero two sided ideal of £ (X)
The spectrum of A,
The resolvent set of A
The set of Fredholm operators
The nullity of A is defined as the dimension of N(A)
The deficiency of A is defined as the codimension of R(A)
Operator of identity
The set of fredholm perturbation
The set of upper semi-Fredholm operators

The set of lower semi-Fredholm operators
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Introduction

The theory of the essential spectra of linear operators in Banach space is a section of
the spectral analysis widely used in the mathematical and physical sense when resolving
a number of applications that can be formulated in terms of linear operators. Since exact
computations of the spectrum are almost always impossible, it is relevant to know the
spectrum or any of its parts in approximate way. Several authors have studied this problem
and other related topics using various types of convergence in £(X). There are several
notions of convergence of a sequence of operators which yield spectral results: the norm
convergence ([21], [26], [27], [31], [29], [30], [32], [67], [76], [77], [79]), collectively compact
convergence ([12]), compact convergence and regular convergence ([10]), stable and strongly
stable convergence ([25]), resolvent operator convergence ([59]), spectral convergence ([5]),
convergence of (7},), to T" in the sense that the spectral radius (7, — T') of T,, — T tends
to zero and ||(T,, — T)7T,| tends to zero ([7]), asymptotically compact convergence ([11])
and also discrete versions of some of these ([84],[40], [85]), to name a few. The principle
aim of this thesis is to study the convergence of some classes of the essential spectrum of a
sequence of linear operators which converges in some sense. We used the convergence in the
generalized sense (see Definition 4.3.4), the convergence compactly (see Definition 4.4.2), and
the v—convergence. The concept of generalized convergence was introduced automatically
from the notion of the "aperture" or "gap" between two closed linear manifolds. The
gap between two closed subspaces was introduced in Hilbert space by M.G. Krein and M.
A. Krasnoselski in [55]. This notion was later extended to arbitrary Banach spaces in a
paper by M. G. Krein, M. A. Krasnoselski, and D. P. Milman in [56]. In recent years,

several authors have investigated the notions of generalized convergence of a sequence of
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closed linear operators in Banach spaces. We can cite as example [54, 68]. In [68], M.
Pellicer stated that the notion of generalized convergence can be viewed as the convergence
between the graphs of operators and hence it is useful in comparing the corresponding
resolvent operators. Essentially, in [68] M. Pellicer used this notion between closed linear
operators both to introduce the notion of a gap between linear operators and to study the
nonlinear strongly damped wave equation with a dynamic boundary condition. The concept
of convergence to zero compactly is appearance dates back to Goldberg’s work [38] in 1974,
when he studied properties of the nullity, deficiency and index of operators of the form
T + K,,, where T is semi Fredholm operator and K,, converges to zero compactly, where he
obtained theorems analogous to those given in [39] and [54], where the requirement was that
K, be "small enough" in norm, inspired by the concept of convergence to zero compatly we
introduce the notion of convergence compactly and study the essential approximate point
spectrum and the essential defect spectrum of a sequence of linear operators convergence
in this sens. As for the concept of v—Convergence is introduced in 1994 by M. Ahues, A.
Largillier and B. V. Limaye in [6]. In order to study spectral continuity properties, this type
of convergence is useful ([32], [26], [78], [8]).

In ordre to present our results we organise this thesis in the following way: In first chapter
we recal the basic properities of the spectrun of bounded and unbounded linear operator in
a Banach space, introducing the basic notaions necessary to study linear adjoint operators
and we present some classical quantities associated with an operators, this quantities such
as the closed and closable of an operators are defined in the first section and are the basic
bricks in the construction of one of the most important branches of spectral theory, the
theory of Fredholm operators and essential spectrum

The second chapter is devoted to study the semi-regular operator, more precisely, we
gives a survey of results concerning the composition of two semi-regular operators. The
concept of semi-regular, and essentialy semi regular among the various concepts of regularity,
originated from the classical treatment of perturbation theory of Frdholm operators owing to
T. kato in (1958), and its development has greatly benefited from the work of many authors
in the last years, such as M. Mbekhta and A. Ouahab [62], V. Muller [65], V. Rakocevict
[71], M. berkani, and A. Ouahab [18]. An operator T is said to be semi-regular if R(A) is
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closed and NV(A™) C R(A), for all n > 0, where R(A) and N(A) denote, respectively, the
range and the nul space of A. This concept of classe of operator leads naturally to the semi
regular spectrum o.5(A), defined as the set of all A € C for which A — A is not semi-regular
and its essential version is the set of all A € C for which A\ — A is not essentially semi-regular.
The semi regular spectrum was first introduced by C. Apostol [13] for operators on Hilbert
spaces and successively studied by several authors mentionned above in the mor general
context of operators acting on Banach spaces.

In the third chapter, for the study of perturbation theory, two useful concepts which
have extensive applications are those of relative boundedness and relative compactness.
These can be defined both with respect to norms and to quadratic forms. The principle
application is to selfadjoint second ordre differential operator, for this reason we consider
the Sturm-Liouville expression.

The forth chapter provides the investigation of the relationship between the essential
approximate point spectrum, noted .4, (respectively, the essential defect spectrum, noted
0es) of a sequence of closed linear operators (7},),en on Banach space X, and the essential
approximate point spectrum (respectively, the essential defect spectrum) of a linear operator
T on X, where (T,),en converges to T, in the case of convergence in generalized sense as
well as in the case of the convergence compactly.

The last chaptre is devoted to the study of spectral continuity of the essential spectrum
using the v—Convergence and application on block operator matrix, more precisley we
generalise the results of A. Ammar in [9] on 2 x 2 block operator matrix to the case of 3 x 3

block operator matrix.



Chaptre 1

Basic Properties

1.1 Generalities about Closed operators

Let X and Y be two Banach spaces. A mapping A which assigns to each element x of
a set D(A) C X a unique element y C Y is called an operator (or transformation), the

set D (A) on which A acts is called the domain of A.

Definition 1.1.1 The operator A is called linear, if D (A) is a subspace of X and if
A(az + By) = aAx + Ay for all scalars o, B and all elements z, y in D (A) .

We note by a pair (A4, D (A)) the operator A with domain D (A)

Definition 1.1.2 The operator A is called bounded on a Banach space X, if there is a
constant M such that || Az ||< M || z ||, for all x € X. The norm of such an operator is
dfined by

Ax
I 4= supl A7
az0 || 2|
Example 1.1.1 The identity operator I : X — X defined by [x = x is obviously a bounded
linear operator of norm 1. The diferential operator of first order A = i0, on L2([0;1]), it
readily seen to be unbounded since one can find a sequence of functions o, € L2([0;1]), given

by, = e™® forn € N, satisfying || v, | c2(0ap=1 and || Ay, ||z2(01)=n — 00 asn — oo.



1.1. Generalities about Closed operators

1.1.1 Unbounded linear operator

Definition 1.1.3 We define an unbounded linear operator on a Banach space X to be pair

consisting of dense linear subspace D of X together with a linear map A: D C X — X.

For example, a general continuous functions does not have a continuous derivative, so

differential operators are defined on subspace of continuous functions space.

Remark 1.1.1 If the domain of A is not dense, then we may obtain a densely defined

operator by setting A equal to zero on the orthogonal complement of it’s domain

Definition 1.1.4 We call the graph of A the subspace of X x X, noted G (A), and defined
by
G(A) ={(z,Az) e X x X, forallz € D(A)}

Definition 1.1.5 An operator A is an extension of A, or A is a restriction of A, if
D (A) CD(A), and Az = Az for all z € D (A).
We note this relationship by A C A

Example 1.1.2 Let Ayu = ', k = 1,2,3,4 be diferential operators in L?([0,1]) with

domains
D (A)) = {ueC?*([0,1]),u(0) = u(l) =0}
D (Az) = C*([0,1])
D (A3) = {ue H*([0,1]), u(0) =u(1) =0}
D(Ag) = L2([0,1]).

We have D (Ay) € L2([0,1]), k = 1,2,3,4 then Ay, k = 1,2,3,4 is an unbounded
operator on L? ([0,1]) , and we have D (A;) C D (Az) C D (A4), then we note A; C Ay C Ay

(on sense of extension), and also A3 C A4

1.1.2 Closed and closable linear operator

Definition 1.1.6 An unbounded linear operator A on Banach space X 1is said to be closed
in X if and only if it’s graph G (A) is closed in X%, whose topology is determined by the
1
2 2\32
norm ||(z,y) || = (=[5 + lyllx)



1.1. Generalities about Closed operators

The closedness of an operator may be caracterized by this property

Proposition 1.1.1 An unbounded linear operator A on Banach space X is closed if for

every sequence (r,) in D (A) such that x,, — = and Ax, — y, we have
x € D(A) and Ax = y.

Proposition 1.1.2 Clearly an operator A is closed if, and only if, D(A) is complete with
1

respect to the norm ||z|| , = (||x||§( + ||A:13||§() *,x € D(A), If we shall denote D(A) equipped

with ||.|| , by X(A). Thus A is closed if, and only if X(A) is a Banach space.

We must be make a difference between continuous operator and closed operator, where in
continuous operator case the convergence of the sequence (z,,) implies that (Ax,,) converges

and we have

lim (Ax,) = A (li;Lnxn) (1.1.1)

For a closed operator A, the convergence of x,, does not imply the convergence of (Az,,),
but if both (z,) and (Az,) converge, then the equality (1.1.1) holds.

Note that the continuity of A does not, necessarily, imply that A is closed. Conversly,
A is closed does not necessarily imply that A is continuous (for example see [39])

As a particular case we have the remark

Remark 1.1.2 Let A be an unbounded linear operator in Banach space X with domain

D(A), if A is closed, it’s bounded on D(A) if and only if D(A) is a closed subspace of X.
Example 1.1.3 Let the defferential operator Af = f" when X = L*([0,1]),

We choose D(A) = AC ([0,1]) the set of functions which are absolutely continuous
on [0,1], and with this as domain, A is in fact a closed operator, however AC ([0,1]) is
not a closed subspace of L?([0,1]), and A is not bounded (take the sequence f, (t) = t",

Tfn
n=1,2,.., then w — 00)

Definition 1.1.7 An operator A : X — X, with domain D(A) C X is said to be closable

if G(A) is a graph of an operator, In this case, the operator whose graph is G (A) is called
the closure of A, and denoted by A, then G(A) = G (A)



1.1. Generalities about Closed operators

The closure of A is the minimal closed extension of A, in that for any closed extension
Tof A(ACT), wehave ACACT.
This definition may be caracterised by this property

Proposition 1.1.3 An operator A is closable if for every sequence (x,,) of elements in D(A)

such that x, — 0 and Az, — y, for some y € X, we have y = 0.

Remark 1.1.3 i) If A is one to one and closed then A™' is closed, then the closed graph

theorem implies that A~ is bounded.

it) if A is closed, N (A), the null space of A is closed

i13) If T is bounded on D(T), it is closable, where D(T') is the closure of D(T") in X and
T is bounded in D(T) with ||T'|| = ||T||.

Example 1.1.4 In Example 1.1.2, we have Ajand As are not closed, because we can may
choose sequence of functions u, € C*([0,1]) such that u, — w and v, — v in L*([0,1]),

where v is not continuous, hence u is not C*

A; and Ay are closed, and we have A; = As, Ay = Ay, then A;, A, are closable.

1.1.3 Adjoint and selfadjoint operator

Definition 1.1.8 suppose that A is a densely defined unbounded linear operator on a Hilbert
space H with a domain D(A), The adjoint of A is the operator, noted A*, of H in H with

domain
D(A*) ={y € H, thereis z € H with (Az,y) = (z,2), forall x € D(A)}.
Let y € D(A*), then we define A*y = z, where z is the unique element such that
(Az,y) = (x,2z) forall z € D (A).
D(A*) is not dense necessarely

Definition 1.1.9 An unbounded linear operator A is selfadjoint if A = A*, meaning that
D(A*) = D(A) and A*x = Ax for all x € D(A).



1.1. Generalities about Closed operators

An unbounded linear operator A is said to be symetric if A* is an extension of A, meaning

that D(A*) D D (A) and A*zx = Ax for all z € D(A).
Example 1.1.5 In Example 1.1.2 we have
Au =", D(Ay) = {ue C?([0,1]),u(0) = u (1) = 0}.

D(A*) = {v e L*([0,1]), there is w € L?([0,1]) with (Aju,v) = (u,w), for all u € D(A;)}
(Aju,v) = (U, v)

= [w'v]g — [uv']y + [u(t)v”(t)dt (with integration by parts)
0

1
= (') + [u(t)w(t)dt such that w(t) = v"(t) for t € [0,1]
0
This need that v € L? ([0, 1]), with v (0) = v (1) = 0, then

D(A;) = {v e L([0,1]), v(0) = v (1) = 0} = D(A%).

It means that A7 = Ajs, then A,is symetric but not selfadjoint. We will see that A} = As,

then Aj is selfadjoint.

For the operator A,, we have

D) -
{v e L*([0,1]), there is w € L% ([0,1]), with (Ayu,v) = (u,w), for all u € D(As)}.

Then we have,

(Asu,v) = (u”,v)
= [ (t)v(t)dt

1
= [u'v]y — [wv']y + [u(t)v"(t)dt (with integration by parts)

0
1

= ['v — ']y + [u(t)w(t)dt  such that w(t) = v"(t) for t € [0,1]
0
It needs that v (0) =v (1) =0, and v' (0) = v’ (1) = 0, then A5 = A5, where Asu = ", and

D (As5) ={ue L*([0,1]), u(0) =u (1) =4 (0) = (1) = 0}.

We can prove that also, A; = As.



1.2. Compact Operators

Proposition 1.1.4 If A : D(A) C H — H s a densely defined linear operator on a
Hilbert space H with bounded inverse A" : H — H, then (A*)™' = (A~1)".

Proof. Since A™! is bounded, it has a bounded adjoint, if z € D(A*) and y € H, then
(A Arz,y) = (A2, Aly) = (2,AAy) = (,y)

Therefore (A™1)" A*z = z for all x € D(A*), morever if + € H and y € D(A), then
(A (A zy) = (A1) 2, Ay) = (2, A7 Ay) = (2,)

Since D(A) dense in H, it follows that (A1) "z € D(A*), and A* (A1) 'z =2. m

Theorem 1.1.1 Let be T' an unbounded linear operator on a Hilbert space H of domain

D(T)

i) If D(T') dense in H and T is closable, (T')* = T™.

i1) If T is bounded on D(T'), it is closable, where D(T) is the closure of D(T) in H and
T is bounded in D(T) with ||T'|| = ||T||.

Proposition 1.1.5 Let be X and Y are two Banach spaces, and A : D(A) C X — Y a
densely defined linear operator, then the adjoint A* is a closed operator, i.e G (A*) is closed

mY' x X'.

Proof. ([19]) m

Thus a self adjoint operator is closed.

1.2 Compact Operators

Definition 1.2.1 (Compact linear operators) A linear operator A defined from a normed
space E into a normed space F' is called a linear compact operator or completely continuous
linear operator if for every bounded subset G of E, the image A(G) is relatively compact in

F. In other words, the closure A(G) is compact

Theorem 1.2.1 (Compactness criterion) A linear operator A defined from a normed
space E into a normed space F is called a linear compact operator or completely
continuous linear operator if and only if for every bounded sequence ¢, in FE, the

sequence Ay, in F has a convergent subsequence.



1.2. Compact Operators

Proof. Let ¢, be a bounded sequence in F since the operator A is compact, then the
set {Ap,,} is relatively compact in F' where this property shows that (Ay,,) contains a
convergent subsequence. Conversely, let us consider any bounded subset G in F and
let 1,, be any sequence in A(G), then there exists a bounded sequence ¢,, in G; such
that ¢, = Agp,,, by assumption, Ay, = 1, contains a convergent subsequence 1, in
F, thus A(G) is relatively compact, because for any bounded sequence v,, in A (G)
there exits a convergent subsequence 1, in F', in other words, for all bounded set

G C FE the set A(G) is relatively compact in F, hence A is compact. m

Theorem 1.2.2 The linear combination A = a A+ Ay of compact operators Ay and

As is a compact operator, for every scalars o and (3

Proof. Let ¢, be a bounded sequence in E and let Ay, be a sequence in F', then
Ap, (x) = aArp, (z) + Az, (x) with ¢, € E, n € N. The operators A; and A, are
compact, one can extract from A;p, and Ay, two convergent subsequences which

give by their sum a convergent subsequence of Ayp,,, hence A is compact. m

Theorem 1.2.3 The product AB of two bounded operators A and B is compact if

either of operators A or B is compact.

Proof. Let ¢, be a bounded sequence in E then if we consider B as a bounded
operator the sequence By, () is bounded, and from the compactness of the operator
A gives a convergent subsequence A (B, (x)) of A(Byp,, (z)), then the operator AB
is compact. On the other hand, if we consider B as a compact, one can extract
from By, (x) a convergent subsequence By, (z) and from the boundedness of the
operator A gives the convergence of the sequence A (By,, (x)), hence the operator

AB is compact m

Theorem 1.2.4 A sequence A,, of compact operators defined from a normed space E
into a Banach space F' converges uniformly to an operator A, say lim || A, —A ||=0,

then the limit operator A is compact.

10



1.3. Spectrum

Proof. Let ¢, be a bounded sequence in F, the operator A; is compact, then one can
extract from the sequence A, a convergent subsequence, say ¢! a subsequence from
,, such that A;p! converges. In the same way, we can extract from the sequence Ayp}
a convergent subsequence, say @2 a subsequence from ¢! such that Ayp? converges.
Noting that, we obtain from the bounded sequence ¢, a subsequence 2 such that
A% and Ayp? both converge, Continuing in this way, we see that, for the compact
operators Ay, Ay, ..., A,, there exists a nested subsequences ¢? C ....p2 C ¢l C ,such
that the sequences Ay converge for all £ = 1,2, ..., p: In order to show the compact-
ness of the operator limit A we must use the completeness of the space F' and showing
that the sequence A¢? is Cauchy sequence. Noting that the sequence ,, is bounded,
say || ¢,, [|< M for all n hence || ¢ ||[< M for each n and p hoose n = p so that
| Au—All< 55
Since the sequence A, P is Cauchy, because it converges there is NV such that, for all
p> N and ¢ > N;
we get
| Angh — Aniy, H< 2
Hence we obtain
I Al — Ag [|=Il Agly = Agl + Agl — Agll + Al — Agy |
<[ An = Al @ [| + 1| Aneh — Aniyy |l Angl — Al |
€

Py £
=307 +3+3M €

Remembering that, due to the completeness of the space F' the Cauchy sequence AP
converges as a subsequence of Ay, where ¢? is a subsequence of an arbitrary bounded

sequence @, hence the compactness of the operator A. m

1.3 Spectrum

Definition 1.3.1 Let A be a closable linear operator in a Banach space X. The resolvent

set and the spectrum of A are, respectively, defined as

p(A) = {\ € C such that A — A is injective and (A — A)~ X)} o (A)=C\p(4)

11



1.4. Essential Fredholm spectra

and the point spectrum, continuous spectrum, and the residual spectrum are defined as
o, (A) = {X € C such that A is not injective} ,
o.(A) = {)\ € C such that A is injective, R(\ — A) = X, R(A\ — A) # X} :
o, (A) = {)\ € C such that A is injective, R (A — A) # X} :
Remark 1.3.1 Note that, if p(A) # 0 then A is closed. In fact, if X € p(A) then

(N — A)flis closed, which is also valid for A — A then, according to the closed graph

theorem we deduce that

p(A) = {\ € C sucht hat A — A is bijective }

and hence

og(A)=0,(A)Uoc.(A)Ua,(A).

Proposition 1.3.1 Let (A, D (A)) be a closed, densely defined, and linear operator
with a nonempty resolvent set p (A), for each Ay € p(A) we have

o ((Ro=A)") =o—0o(4)"

1.4 Essential Fredholm spectra

1.4.1 Fredholm Operators

The concept of Fredholm operators is one of the attempts to understand the classical Frd-

holm operators theory of integral equations. Special types of these operators were cosidered

by many authors and treated in the works of F.V. Atkinson [14], I.C. Gohberg ([34], [35], [36])

and B. Yood [89]. These paper considered bounded operators. Generalization to unbouded

operators were given by M. G. Krein and M. A. Krasnoselkii [56], B. Sz. Nagy [66], and

R. Kress [58]. More complete treatments were given by P. Aiena [1], I. C. Gohberg and G.

Krein [37], and T. Kato [54]. A general historical account of the theory of Fredholm oper-

ators was done in [37]. Further important contribution were due to M. Schechter [74] who

12



1.4. Essential Fredholm spectra

gave a simple and unified treatment of this theory which covered all the basic points while
avoiding some of the involved concepts already used by previous authors. These studied
of Fredholm theory perturbation results are of a great important in the description of the
essential spectrum. This set is not a widely known as other parts of the spectrum, in par-
ticular, eigenvalues. Nevertheless, in several application, information about it is interesting
for various reasons. In fact, if the whole spectrum lies in a half-plane, then the stability of
a physical system is guaranteed. Moreover, near the essential spectrum, numerical calcu-
lations of eigenvalues become difficult. Hence, they have to be treated analytically. If the
essential spectrum of a closed linear operator is empty, and if its reolvent set is nonempty
then the spectrum consists only of isolated eigenvalues with a finite algebraic multiplicity

which accumulate, at most, at oc.

It’s well known that, if A is selfadjoint operator on a Hilbert space, then the essential
spectrum of A is the set of limite points of the spectrum of A (with eigenvalues counted
according to their multiplicities), i.e., all points of the spectrum except some isolated eigen-
values of finite multiplicity (see for example, [86], [87]) Irrespective of wether A is bounded
or not on a Banach space X, ther are many ways to define the essential spectrum, most of
them are enlargement of the continuous spectrum. Hence, several definition of the essential
spectrum may be found in the literature (see for example, [41], [75]) or in the comment in

(73, Chap.11, P.283] which coincide for self-adjoint operators on Hilbert spaces.

Definition 1.4.1 A closed, densely defined linear operator A on a Banach space X is said
to be a Fredholm operator if it satisfies

(i) a(A) = dim (N (A)) < oo,

(17) R(A) is closed

(17i) B (A) = codim (R (A)) < o0

Remark 1.4.1 The number i (A) = a (A) — 5 (A) is called the index of A densely defined,
closed operators on X satisfying (i) and (ii) are said to be upper semi-Fredholm operators,

and those satisfying (ii) and (iii) are called lower semi-Fredholm operators.

o Let ®(X) denote the set of Fredholm operators, ®, (X) denote the set of upper semi-

Fredholm operators, and ®_ (X) denote the set of lower semi-Fredholm operators.

13



1.4. Essential Fredholm spectra

Then we have

¢, (X):={AeC(X) such that o (A) < co and R(A) is closed in X},
®_(X):={AeC(X) such that §(A) < oo and R (A) is closed in X},

B(X) = B, (X) N (X),

and <I>jr (X) =&, (X)Ud_ (X) the set of semi-Fredholm operators from X into itself

Proposition 1.4.1 If A € L(X) we considerr (A) = liIJ’I_l a(A™) and r' (A) = liI}_l S (A™)

It is well known that if A =1 — K with K € K (X) then both r (A) and 1’ are finite, we next
denote by ®* (X) the set ®* (X) :={A € ®(X) such that r (A) < oo,7" (A) < 0o}

1.4.2 Schechter essential spectrum

Let A be a self-adjoint operator on a Hilbert space. A spectral singularity is said to be in the
essential spectrum if it is a limit point of the spectrum of A (where eigenvalues are counted
according to their multi- plicities and hence infinite-dimensional eigenvalues are included.),

i.e, all points of the spectrum except isolated eigenvalues of finite multiplicity

e When dealing with non-self-adjoint closed, densely defined linear operators on Banach
spaces, there are many ways to define the essential spectrum, densely defined linear

operators

Definition 1.4.2 Let X and Y be two Banach spaces and let A € C(X,Y). We define the

Schechter essential spectrum of the operator A by

A) = A+ K
Uess( ) keIQ(X)O-( + )

The following proposition gives a characterization of the Schechter essential spectrum

by means of Fredholm operators
Proposition 1.4.2 Let X and Y be two Banach spaces and let A € C(X,Y), then
A & 0oy if and only if A € &5

where ®) = {\ € C, such that \ — A € ® (X) andi(A— A) =0}
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1.5. Perturbations classes of operators

Remark 1.4.2 Let C be the set of complex numbers. If A € C (X) we define the sets
D, :={\€C such that \— A€ ®(X)}

D, 4:={X€C such that \—Aec P, (X)}
®_4:={\e€C such that \— A€ d_(X)}
As is well known, @4, P4 and ®_4 are open subsets of the complex plane
Proposition 1.4.3 Let A € C(X) and define the sets
01 (A) :={A € C such that \ — A ¢ &, (X)} :=C\D, 4
2 (A) :={A € C such that \— A¢ &_ (X))} :=C\d_,
0e3(A):={Ae€C such that \—A¢d_(X)UP, (X))} :=C\{P_,UD 4}
Oea (A) :={\ € C such that \ — A ¢ & (X)}:=C\®
es (A) := C\p5 (A)
es (A) = C\pg (A)
Oe1 and 0. are the Gustafson and Weidmann essential spectra , o.3 is the Kato essential

spectrum, o4 is the Wolf essential spectrum , o.5 is the Schechter essential spectrum , and

0 denotes the Browder essential spectrum.

e Note that, in general, we have 03 (A) C 0es (A) C 0e5(A) C 06 (A), but if A is a

self-adjoint operator on a Hilbert space, then

Oel (A) = 02 (A) — O¢3 (A) = Oe4 (A) — Oe¢5 (A) = O¢p (A) .

1.5 Perturbations classes of operators

In this section we concentrate our attention on some perturbation classes of operators which
occur in Fredholm theory, in this theory we find two fundamentally different classes of oper-
ators, such as the class of Fredholm operators, the classes of upper and lower semi-Fredholm
operators, and ideals of operators, such as the classes of finite-dimensional, compact opera-

tors.
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1.5. Perturbations classes of operators

1.5.1 Weakly compact

Definition 1.5.1 Let X andY be Banach spaces, and let S and A be linear operators from
X into Y. S is called relatively weakly compact with respect to A. or (A-weakly compact)
if D(A) C D(S) and for every bounded sequence x, € D (A) such that (Ax,),, is bounded,

the sequence (Sx,), contains a weakly convergent subsequence

Definition 1.5.2 An operator A € L(X) is said to be weakly compact, if A (B) is relatively
weakly compact in'Y, for every bounded subset B C X

Definition 1.5.3 Let A € L(X), A is called a power-compact operator, if there exists m €
N* satisfying A™ € K (X)

Remark 1.5.1 The family of weakly compact operators from X intoY is denoted by W (X,Y')
if X =Y the family of weakly compact operators on X, W (X, X) = W(X) is a closed
two-sided ideal of L(X) containing I (X).

1.5.2 Strictly singular and strictly cosingular operator

Definition 1.5.4 Let X and Y be two Banach spaces. An operator A €L(X) is called
strictly singular if, for every infinite-dimensional subspace M the restriction of A to M is

not a homeomorphism, Let S (X,Y) denote the set of strictly singular operators from X into

Y

Remark 1.5.2 The concept of strictly singular operators as a generalization of the notion

of compact operators.

Definition 1.5.5 A normed linear space X is called subprojective if for every closed infinite-
dimensional subspace W of X there exists a closed infinite-dimensional subspace Wy of W

and a projection from W into W,

Proposition 1.5.1 [87]Let X,Y and Z be Banach spaces and let A be a closed, densely
defined linear operator from X toY . Suppose B €L(Y,Z) with a(B) < oo and BA €
¢ (X,7) then Aec ®(X,Y)
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1.5. Perturbations classes of operators

Proposition 1.5.2 [87]Let X,Y and Z be Banach spaces and let A be an operator in

¢ (X,Y) Suppose B is a closed, densely defined linear operator from Y to Z such that
BAe€ ®(X,Z) Then Be ®(Y, Z)

o Let X, denote the space L, (2, dp) (1 < p < o0), where (0, X, ) stands for a positive

measure space

Proposition 1.5.3 [87 Let A € C(X,) and let S € L(X)then we have:
(i) If A€ &, (X,) then A+ S € &, (X,) for each 1 <p < o0
(i1) ifpe[1,2] and A€ &_(X,) then A+ S € d_(X,)
(i13) if p € [1,2] and A € @, (X,) UP_(X,) then A+ S5 € &, (X,) UP_(X,).
(iv) if Ae ®(X,) then A+ S € ®(X,) andi(A+ S) =1i(A) for each 1 < p < 0.

1.5.3 Fredholm perturbations

Definition 1.5.6 Let X and Y be two Banach spaces and let F € L(X). F is called a Fred-
holm perturbation if U+ F € ® (X,Y) whenever U € ®°* (X,Y)

e The set of Fredholm perturbations is denoted by F (X,Y) this class of operators is
shown that F°(X,Y) is closed subset of L(X,Y) and if X = Y then F°(X) :=
F (X, X) is closed two-sided ideal of L(X)

Proposition 1.5.4 Let X,Y and Z be three Banach spaces. If at least one of the sets
P (X)Y) and ®°(Y,Z) is not empty, then

(i) FeF*(X,)Y),AcL(Y,Z) imply AF € F*(X,Z)

(ii) F e F(Y,Z),Ael(X) imply FAe F°(X,2)

Definition 1.5.7 Let X be a Banach space and A € L(X), R is said to be a Riesz operator
if ®4 = C\ {0}

Remark 1.5.3 (a) The family of Riesz operators is not an ideal of L(X)
(b) It’s proved that F° (X) is the largest ideal of L(X) contained in the family of Riesz

operators.
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1.5. Perturbations classes of operators

Remark 1.5.4 Let X and Y be two Banach spaces, If in (Definition 1.5.6) we replace
PP (X)Y) by @ (X, X) we obtain the set F (X,Y), let X be an arbitrary Banach space.

F(X)=F"(X)

Lemma 1.5.1 An immediate consequence of this result is that F (X) is a closed two-sided

ideal of L(X)

Definition 1.5.8 Let X andY be two Banach spaces and let F €L(X), F is called a upper
(respectively lower) Fredholm perturbation if U + F € @ (X,Y) (respectively ®* (X,Y)
whenever U € ®° (X,Y) (respectively & (X,Y)).

Remark 1.5.5 The sets of upper semi-Fredholm and lower semi-Fredholm perturbations
are denoted by F° (X,Y)and F* (X,Y) respectively. it is shown that F° (X,Y) and
Fb (X,Y)are closed subset of L(X) and if X = Y,then F? := F° (X,Y) is a closed two-
sided ideal of L(X) in general, we have the following inclusions

K(X) ¢ S(X)CcF cJ(X)

K(X) ¢ CS(X)cF cJ(X)

where F° (X) :=F° (X, X) and J (X) denotes the set
J(X)={FeL(X) suchthat ] — F € ®(X) andi(A—F) =0}

Lemma 1.5.2 Let A € C(X) and let Z(X) be any nonzero ideal of L(X) satisfying
Fo(X) C ZT(X) C J(X), where Fo(X) stands for the ideal of finite rank operators, if
Acd(X)andif J€Z(X) then A+J € ®(X) andi(A+J)=1i(A)
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Chaptre 2

On Semi Regular Operator

Let A and B be two bounded linear opertaors in a Banach space X, A and B are semi
regular operators does not imply, in general, that the product AB is semi regular. We do,

however, give conditions under which the above implication is valid.
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Introduction

Amoung the various concepts of regularity originating from Fredholm theory, the con-
cept of semi regularity, which will be introduced in this chapter, seems to be the appropriate
to investigate some imporatnt aspects of local spectral theory. The concept of semi regular-
ity originates in the classical Kato’s treatment (1958) of perturbation theory of Fredholm
operator. to introduce our results we need to fix some notations.

If X, and Y are Banach spaces, by £(X,Y) we denote the Banach space of all bounded
linear opertaors from X into Y. Although many of the results in these notes are valid for

real Banach spaces.
Recall that if T € L(X,Y), the norm of T is defined by
7)) = suplL 21
z20 ||7]]
If X =Y we write £(X) = L(X,X), by X* = L(X,C) we denote the dual of X, if
T e L(X,Y), by T" € L(Y*, X*) we denote the dual operator of T" defined by

(T*f)(x) = f(Tz) forallze X, feY™

The identity operator on X will be denoted by Iy, or simply I if no confusion can arise.

Given a bounded opertaor T' € L(X,Y’), the kernel of T is the set
N(T)={zx e X, Tx =0}

While the range of 7" is denoted by T (X) or R(T).

2.1 The closed range operator

Theorem 2.1.1 [88, TheoremP.205](The closed range theorem) Let X andY be banach
spaces and T a closed linear operator defined in X into Y, then the following propositions
are all equivalent

i) R(T) is closed in'Y

i1) R(T™) is closed in X*

iii) R(T) = (N(T*))" ={y € Y; (y,y") =0, for all y* € N'(T")}

w) R(T*) = (N(T))" = {z* € X*; (z,2*) =0, for allz € N (T)}
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2.1. The closed range operator

Theorem 2.1.2 [54]Let X and Y be Banach spaces and T € L(X,Y), T is closed range
operator if and only if there exists k > 0 such that |Tz| > c.d(z, N(T)) for all x € X.

The property of T'(X) being closed may be characterized by means of a suitable number

associated with T'

Definition 2.1.1 If T € L(X,Y), X, Y Banach spaces, the reduced minimal modulus of T

18 given by

_ kil
V(1) = It (z, N(T))
dist (x, N'(T)) denotes the distance of x to N (T).

formally we set v (0) = oo. It easily seen that if T" is bijective then ~y (T') In fact,

1
B AT
if T' is bijective then dist (z, N(T)) = dist (xz,{0}) = ||z||, thus if Tz =y,

[Tz [EIR. 1Tyl 1
v(T) = inf = | sup—— = | sup——— = —
a0 ||z w70 || 7| v20 Yl 171

Theorem 2.1.3 Let T € L(X,Y), X and Y Banach spaces, then we have
i)y (T) > 0 if and only if T(X) is closed.
i)y (T) =~ (T7)

Proof. (i) The statement is clear if T = 0. Suppose that T # 0. Let X = X/N(T) and
denote by T : X — Y the continous injection corresponding to T, defined by TZ = Tz for
every r € 7.

It’s easy to see that T (X) = T'(X). But it is known that 7 (X) is closed if and only
if T admits a continuous inverse, it mean that there exists a constant § > 0 such that
|Tz|| > 6|z, for every z € X. From the equality

v(T) = xélEgTdiSt iL:Tj\U'(T)) = ;I;EH”%H, we then conclude that T (X) = T'(X) is closed
if and only if v (7") > 0.

(1) The assertion is obvious if v (') = 0. Suppose that v (") > 0, then 7'(X) is closed, if
To : X — T(X) is defined by TyT = Tx for every x € T, then vy (T) = v (TO) and T = JT,Q,

where J : T(X) — Y is the natural embedding, and @ : X — X is the canonical projection
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2.1. The closed range operator

defined by Qx = 7. Clearly, that T is bijective and from T = JT,Q it thenfollows that

T* = Q*(Tp)*J*. From this it easily follows that

R ORI A o=

very important class of operators is the class of injective operators having closed range

Definition 2.1.2 An operator T € L(X) is said to be bounded below if T' is injective and

has closed range.

Theorem 2.1.4 T € L(X,Y) is bounded below if and only if there exists k > 0 such that

| Tx|| > k||z|| forallz € X (2.1.1)

Proof. Indeed, if | Tz| > k|z| for some & > 0 and all x € X then T is injective,
Moreover, if (x,) is a sequence in X for which (T'z,) converges to y € X then (z,) is a
Cauchy sequence and hence convergent to some z € X, since T'is continuous then Tz = y
and therfore T'(X) is closed.

Conversly, if T is injective and T'(X) is closed then, from the open mapping theorem, it
easily follows that there exists a k > 0 for which the inquality (2.1.1) holds. m

The equality j(T') = inf ||Tz| = ianTxH

llz|=1 220 |||
obviously from (1.1) we have

is called the injective modulus of 7" and

T is bounded below <= j(T') > 0 and in this case j(T') = v (T') (2.1.2)

The next result shows that the properties to be bounded below or to be surjective are

dual each other

Theorem 2.1.5 Let T € L(X), X a Banach space, then
i) T is surjective (respectively, bounded below) if and only if T* is bounded below (respec-

tively, surjective)
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2.2. Semi regular operator

Proof. Suppose that 7' is surjective, trivially 7" has closed range and therefore also T
has closed range, from the equality N'(T*) = T(X)+ = X+ = {0} we conclude that T™ is
injective.

Conversely, suppose that T is bounded below, then 7™ has closed range and hence,
by the closed range theorem, the operator 7' has also closed range. From the equality

T(X) = (N(T*))" = {0} = X, we then conclude that T is surjective. m

2.2 Semi regular operator

To introduce the classe of semi-regular operator, we need first to establish some connections
between the kernels and the ranges of the iterates 7™ of an operator T on a vector space.
The semi regular operator is a bounded operator with a closed range achieved a conditions
concerning on hyper range and hyper kernel. The kernels and the ranges of the power T
of a linear operator 7" on a vector space X forme the following two sequences of subspaces:
N(T? = {0} CN(T) CN(T?) C ..., and T°(X) = X D T(X) D T*X) D .... Generally,

all these inclusions are strict

Definition 2.2.1 Given a vector space X and a linear operator T' on X, the hyper kernel

of T is the subspace N*°(T) = U N(T")

neN

The hyper range of T' is the subspace T*(X) = N T"(X)

neN

Lemma 2.2.1 for every linear operator on a vector space X , we have
T™(N(T™™) =T™(X)NN(T™) for all m,n € N.

Proof. If x € N(T™*"), then Tz € T™(X) and T"(T™x) = 0. Hence

T™N(T™ ™) C T™(X) NN(T™)

Conversly, if y € T™(X) N N(T") then y = T™(x) and x € N (T™*™), so the opposite
inclusion is verified. m
The next result exhibits some useful connections between the kernels and the ranges of

the iterates 7™ of an operator 7" on a vector space X.
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2.2. Semi regular operator

Theorem 2.2.1 For a linear operator T on a vector space X the following statements are
equivalents:

i) N(T) C T™(X) for each m € N

it) N(T™) C T(X) for each n € N.

itt) N(T"™) € T™(X) for each n € N, and each m € N,

i) N(T") = T™(N(T™*")) for each n € N, and each m € N.

Proof. The implication iv) = (iii) = (ii) are trivial, it’s abvious from the lemma
precedent and the sequence of ranges 7" (X).

(11) = (i) If we apply the inclusion (i7) to the operator 7™ we obtain

N(T™) C T™(X), and hence N (T') C T™(X) since N (T') C N (T™").

(i) = (iv) if we apply the inclusion (i) to the operator T", we obtain N (T") C
T™(X) C T™(X), by the lemma 2.2.1, we have

TN (T™) = T™ (X) A N(T™) = N(T™).

We can reformulate the Theorem 2.2.1 by the following corollary

Corollary 2.2.1 Let T' be a linear operator on a vector space X, then the statement of

Theorem 2.2.1 are equivalent to each of the following inclusion:

Theorem 2.2.2 i) N(T) C T>(X)
it) N>°(T) C T(X)
iii) N°(T) C T™ (X).
Definition 2.2.2 Given a Banach space X, a bounded operator T € L(X) is said to be semi

reqular if T(X) is closed and T verifies one of the equivalent conditions of Theorem?2.2.1

Trivial examples of semi regular operator are surjective operators as well as injective
operators with closed range.
It is not difficult to show that 7T is semi regular if and only if the dual operator 7™ is

semi regular
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2.3. On composition of two semi regular operators

Theorem 2.2.3 Let X a Banach space, suppose that T, S € L(X) commute and T'S semi

reqular, then T and S are semi requar

Proof. Clearly, we need only to show that one two operators, say 7', is semi-regular.

From the semi regularity of T'S we obtain

N(T) C N(TS) C :rjl(T”S”) (X)C ATX) (2.2.1)

n=1

At this point we need only to show that T'(X) is closed.

Let (y,) = (T'z,,) be a sequence of T'(X') which converges to some ¥, then Sy, = STz, =
TSz, € (T'S)(X) and (Sy,) converges to Sy, By assumption (7'S)(X) is closed, thus
Syo € (T'S)(X) = (ST)(X), Hence there exists an element xy € X such that Syo = STxy.

Consequently yo—Tzo € N (S) C N (T'S) from the inclusion (2.2.1) we obtain yo— Tz €
:(le"(X ) € T'(X), From this it follows that yo € T'(X), then T(X) is closed, Hence T is

semi regular. m

2.3 On composition of two semi regular operators

Note carefuly that an operator T has a closed range does not imply that 7 is a closed range
operator see ( [16]), but we can introduce that if 7" is semi regular then 7™ is semi regular

So we have the theorem

Theorem 2.3.1 Suppose that T € L(X), X a Banach space, T is semi reqular, then
y(T™) >~ (T)", for alln € N.

Proof. By induction, the case n = 1 is trivial.

Suppose that y(T") > ~(T)", for every element z € X, and u € N (T""!), we have

dist (x, N(T"1)) = dist (x — u, N(T")) < dist(x — u, N(T))

By assumption 7' is semi regular, so by Theorem 2.2.1 N(T) = T"(N(T™*1)) and there-

fore
dist(T"z,N(T)) = dist(T"z, T"(N(T"))

= inf ||T™(z —u)||

u€ker Tn+1

>~(T™). inf dist(x —u, N(T"))

u€ker Tn+1

> (T dist (x, N(T")) .
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2.3. On composition of two semi regular operators

From this estimate, it follows that
[T+ )| > A(T)dist(T"z, N(T) = v(T)y(T")dist (z, N(T"*)) -
Consequently, we obtain that v(T"!) > +(T)y(T") > ~v(T)y(T)" (from our inductive
assumption)

then ’}/(TnJrl) 2 ,y(T)nJrl

Corollary 2.3.1 IfT € L(X), X a Banach space, is semi reqular, then T™ is semi reqular
for all n € N.

Proof. If T is semi regular then by theorem precedent S = T has closed range,
furthermore, S*(X) = T°°(X), and N (S) = N(T™) C T>(X) = S*(X), from Corollary

1, we conclude that S = T" is semi regular. =

Proposition 2.3.1 The product of two semi-reqular operators, also cummuting semi regqular

operators, need not be semi reqular.

Proof. We have the example:
Let H be a Hilbert space with an orthonormal basis (e; ;) , where i, j are integers for

which ij < 0,let T'€ L(H) and S € L (H) are defined by the assignment

0 ifi=0,j>0
T, =

€4.5 .

€it1j otherwise

and
0 ifj=0,7:>0
Sei.j =

€ij+1 otherwise

Then
0 ifi=0,7>00rj=0,7>0

TS@Z.‘J, = STei,j

Cit1j+1 otherwise
Hence T'S = ST and, we have

N(T) = U{eq;,j > 0} C R=(T) and, N(T) = U{eig,i > 0} C R (S)
Moreover, since 7', and S have closed range it follows that 7', S are semi regular

On the other hand ego € N(T'S) and ego ¢ T'S(H), thus T'S is not semi regular m
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2.3. On composition of two semi regular operators

Lemma 2.3.1 Let X, and Y two Banach spaces, and T € L(X,Y) a closed range operator,
if there existe k > 0 such that ||z|| < k||Az| for all x € X, then the range of all closed
subspace U of X by A is a closed subspace of Y.

Proof. Let A be a closed operator from X in Y, suppose that there is k£ > 0 such that
|z|| < k||Az|| for all z € X,

Let U be a closed subspace of X, A(U) denote the range of U in Y, and let (y,) be a
sequence in A(U) converges to y € Y, then there is a sequence x,, € U, such that y, =
Az, and Az, — y € Y, when n — oo, the sequence (Az,) is of Cauchy in Y then

lim | Az, — Az,|| = 0, and we have ||z, — z,,,|| < k||Az, — Az, ||, this implies that

n,m—>00
lim ||z, — x| = 0. Hence, the sequence z, converges (it’s of Cauchy in a Banach
n,M——>00
space)
So x,, — x € X when n — oo, from the operator A is closed in X, then x € U

Since x € U and Az = y, then the limit y € A(U), which implies that A(U) is closed =

Remark 2.3.1 From the theorem 2.2.1 and the precedent lemma we conclude that the prod-
uct of a bounded below operator A in Banach space X and a closed range operator B in X,
is a closed range operator, because the range of the closed subspace B(X) by A, which holds
the inquality ||z|| < k|| Ax|, k > 0, for all x € X, AB(X) = A(B(X)) is a closed subspace
n X.

Corollary 2.3.2 Let A, and B be two semi reqular operators in Banach space X, such that
A is injective, if B*(X) C (AB)"(X) for all n € N, then the product operator AB is semi

reqular.

Proof. The boundedness is evident, from the inquality [|AB|| < ||A| || B]-

The closedness of the range of the operator AB is verified by the precedent lemma, we
have B(X) is a closed subspace of X because B is semi regular, moreover, A is injective
and has a closed range, then there exists k& > 0 such that ||Az|| > k ||z|| for all x € X, hence
A(B(X)) = AB(X) is closed.

For the last condition, A is injective then, N (AB) = N(B) C B"(X), for all n € N

Consequently, if B"(X) C (AB)"(X), for all n € N, then, N(AB) C (AB)"(X), for all
n € N.
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2.3. On composition of two semi regular operators

Then AB is semi rgular operator m
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Chaptre 3

Relatively Boundedness and

compactness for differential operator

For the study of perturbation theory two useful concepts which have extensive applications
are those of relative boundedness and relative compactness. These can be defined both with
respect to norms and to quadratic forms. The principle application is to selfadjoint second

ordre differential operator, for this reason we consider the Sturm-Liouville expression.

3.1 Relatively Boundedness and Relatively Compact-
ness

Definition 3.1.1 Let X, Y and Z be Banach spaces, and let A and S be two linear

operators from X into Y and from X into Z, respectively.

(i) S is called relatively bounded with respect to A, or A—bounded, if D (A) C D (5)

and there exist two constants a; > 0 and by > 0 such that

ISz (< as | @ | +bs || Az ||, 2 € D(A) (3.1.1)

The infimum ¢ of all b, that holds for some a, > 0 is called relative bound of S with respect
to A (or A—bound of 5).
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3.1. Relatively Boundedness and Relatively Compactness

(ii) S is called relatively compact with respect to A (or A—compact), if D (A) C D (S)
and for every bounded sequence (X,,), € D (A) such that, (AX,), C Y is bounded,

the sequence (SX,,), C Z contains a convergent subsequence.

Remark 3.1.1 The inequality ( 3.1.1) is equivalent to

| SX |2< a? || « |2 +b% || Az || for all 2 € D (A)

where a = \/a2 + asbs and b= \/b? + asbs

Lemma 3.1.1 IfS is A—bounded with an A—bound 6 < 1, then S is (A + S) —bounded

with an A—bound < %{5

Proof. First of all, it should be mentioned that A + S is will defined as

DA+8S)=D(S)ND(A)=D(A)Cc D(S)

The fact that S is A—bounded, there exist a; > 0 and § < b < 1 such that, for all
x € D (A) we have
ISz |[< as || 2 ] +0s || Az ||
=a, ||z || +bs || Az + Sz — Sz ||

= as || @ || +bs || Az + Sz || +bs || Sz ||

Since b, < 1 it follows that

bs
1 — b,

as

<
I 52 1< 2%

[l +

| (A+S)z ||,z € D

Let A € C'(X,Y), the graph norm of A is defined by || z ||a=|| =z || + || Az ||,z €
D (A) from the closedness on A it follows that D (A) endowed with the norm || - || 4 is
a Banach space, Let us denote by X 4, the space D (A) equipped with the norm || - || 4
clearly, the operator A satisfies | Az ||<|| = ||4 and consequently A €L(X)

Let J: X — Y be a linear operator on X if D (A) C D (J) then J will be called
A-defined. If J is A—defined, we will denote by j} its restriction to D (A) Moreover,
if 9 € L(X) we say that J is A—bounded. We can easily check that, if .J is closed (or
closable), then J is A—bounded. m
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3.2. The differential operator

Proposition 3.1.1 If A is closed and B is closable, then D (A) C D (B) implies that
B is A—bounded.

Proof. If A is a closed operator, then D (A) equipped with the graph norm is a
Banach space, if we suppose that D (A) C D (B) and (B, D (B)) is closable, then
D(A)c D (B) because the graph norm on D (A) is stronger than the norm induced
from X, the operator B, considered as an operator from D (A) into X is every where
defined and closed. On the other hand, B|pay = B hence B : D (A) — X is bounded
by the closed graph and thus B is A—bounded. m

Definition 3.1.2 We say that an operator J is A—closed, if x, — x,Ax, — 1y,
J, — z for (z,), € D (A) implies that x € D (J) and Jx = z. An operator J will

be called A—closable, if x,, — 0, Ax,, — 0, Jx, — z implies z =0

Remark 3.1.2 (i) If J is bounded, then J is A—bounded.
(13) If J is closed, then J is A—closed.

(2ii) If J is closable, then J is A—closable.

3.2 The differential operator

3.2.1 The adjoint of a differential operator

In this section, we consider a differential operators as an unbouded linear operators on
L?([a,b]), where (—o0 < a < b < o0), with domain D and explain how to define their
adjoints.

We discuss the domain of the adjoint operator, and the selfadjointness depending the

boundary conditions (BC), which lead to which called the boundary values problems (BVPs).

Definition 3.2.1 A linear ordinary differential operator of order n € N*, is a linear map

A that acts on n—times continuously differentiable function u by Au = Y a;u’, where v/
j=0

denotes the j™ derivative of u, and the coefficients a; are real or complex valued function.
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3.2. The differential operator

For n € N* and ay,ay, ..., a5, ...,a, € C (R, M, (C)), for all z € R,a, € GL, (C), the
p .
differential operator A = ) a; ()02, may be considered as an unbounded operator on
j=0
L? (R"), with domain D(A) = H? (R") (which is dense in L? (R™), The expression Adefine

a linear continuous application of H? (R") on L? (R™) and we have
lAull 2 < v/p + Tmax flajl o flull s
2 2 a2
Where fJulljy, = [lullz + 2 [0zl
]:

Lemma 3.2.1 Let (u,,)m € N, is a sequence in H? (R™) converge to u on L* (R"), if Au,,
converge to f on L* (R"), then u € H? (R"), and Au = f.

For the proof see [22]
The precedent lemma prove that the differential operator A is closed on L? (R™), So its

graph G (A) is closed in L? (R") x L? (R").

P .
In the differential operator A = ) a; (x) 02, the use of integration by parts on (Au,v) for
=0

u, v € HP (R™) yields that A*v = Xp: (1) 97 (aj (x)v (x)), for v € D(A*)

J=0

This expression is called the formal adjoint of A ("formal" because we have not spicified

its domain).

3.2.2 Second order differential operator

We consider second order ordinary differential operator A on L? ([, ]), (—o0 < a < 3 < 0),

of the form

Au = au” + bu' + cu (3.2.1)

Where a, b, and ¢ are sufficiently smooth function on [«, 3], we assume that a (z) > 0

for all x € [o, 5], so that A is second order at every point.
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3.2. The differential operator

For more determination, we consider the boundary conditions Bu = 0 is homogenuous
system of linear equations that involves the values of u and v’ at the endpoint = = «, 3
and higher derivatives of u may be expressed in terms of u and u’, by use of the differential

equation. Some common types of boundary conditions are:

u(a)=u(pf)=0 Dirichlet conditions
u (o) = (f)=0 Neumann conditions
u(a) =u(p), v (a)=1u(B) peridic conditions

u (o) + pu’ (o) =0, Au(B)+0u () =0  mized conditions
And also, we can impose two conditions at one of the endpoints
u(a) =0, u (o) =0 initial conditions
u(B)=0,u (B) =0 final conditions
Now, we formulate the adjoint boundary values problem.

Suppose that A is given by (3.2.1), where a, b, ¢ € C? ([, §]) then, the integration by
parts yields that
B
(v, Au) = [T ((2)) (au” + bu' + cu) (z) dx
[8 (0%
= [ [o(au” + bu') + cvu] (x) dx

[(av)u' — (bv)'u + cvu] (x) dx

R —

= [avu’ + b@u]g -

B
= [av! + bou — (av)u)’ + [ [(a0)"u — (b0)'u + cvu) (x) dz

«

B
= [a(Tu —T'u) + (b—a')oul’ + [ |((@)" — (bv) + Ev)u} (z) dx

L—

Suppose that
A*v = (aw)" = (bv)' + v (3.2.2)

This expression is the formal adjoint of A.

So we have

(v, Au) — (A*0,u) = [a(Tu' —T'u) + (b — o]’ (3.2.3)

The equality (3.2.3) is called "The Green’s formula"

If we note the boundary terms in" Green’s formula" S(a, 8) = [a(vu/ — 7'u) + (b — a/)vu]”,
given boundary conditions Bu = 0, for A, we define adjoint boundary conditions (B*v = 0)
for A* by the requirement that the boundary terms S(«, 3) vanish. Thus for v € C? ([, 3])

we say that (B*v = 0) if and only if S(a, 3) = 0 for all u € C? ([, f]) , such that Bu = 0.
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3.2. The differential operator

We say that the (BVP) is selfadjoint (B = B*) if S(a,3) = 0 for all u € C? ([, ]),
such that Bu = 0 if and only if Bv = 0. Then, we say that A is selfadjoint if Au = A*u,
and B = B*.

Example 3.2.1 Suppose that A = D?, then the Green’s formula written by

(v, Au) — (v, u) = [ou/ —7u]]

If we have (o) =u(B) =0 (Dirichlet conditions) , then S(a, ) = vu' (3) —vu' (a) = 0
for allv' (B) and v’ («) if and only if v (o) = v (8) =0. Then B = B* and Au = A*u = u".
Then the operator A = D?* with the dirichlet conditions is selfedjoint.

If we have the (BC) u(a) =0, v’ (a) =0 (initial conditions) then
S(a, B) = [ou' = 'ul, =0 (B) ' (8) =7 (B) u(8).

S(a, B) = 0forall v (3) and u (5) ifand only if v (3) =0, and v’ (8) =0 (final conditions) -
Final conditions are adjoint of initial conditions (B # B*). Thus the operator A = D? with

initial conditions is not selfadjoint.

3.2.3 Sturm-Liouville expression

In this section, let us find all the formally selfadjoint second order ordinary differential oper-
ators (Au = au” + bu' + cu) for a, b, and ¢ are complex values functions and u € C? ([« 3]).

Green’s formula gives that

A*u = (au)” — (bu) +eu = au” + (2@ — b)u’ + (6" A 5) u

For the equality (Au = A*u), which implies

av” +bu' + cu =au” + (2@ — b)u' + (E” —b + E) u.
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3.3. Relatively form boundeness and compactness of Sturm-Liouville operator

We must therefore have

a=a,b=2a —bc=a —b +¢

. For

These relations are satisfied if and only if a is real, Reb = o/, and Imc¢ =

operators with real values coefficients, which we denote by p and ¢ where

(a=-p, b=—p,and c=q)

we infer that

Au = —pu” — p'u’ + qu.

The resulting formally selfadjoint operator, called a Sturm-Liouville operator, is given

by

Au = — (pu’)/ + qu,orA = —D(pD) + ¢

We need only to impose selfadjoint boundary conditions on functions in the domain of

a Sturm-Liouville operator, to obtain a selfa-djoint operator.

3.3 Relatively form boundeness and compactness of
Sturm-Liouville operator

In quantum mechanics, the position of a single particle living in space is described by a
complex-valued function ¢(x,t), (z,t) € R® x R called the "wave function". The physical
meaning of the wave function is that the probability to find it in a region 2 at time t
is E(xq) = / |t(z,t)| dx. In contradistinction to classical mechanics, the particle is no
longer localized at a certain point. In particular, the mean-square deviation (or variance)

A(z)* = Ey(2*) — Ey(x)? always nonzero.
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3.3. Relatively form boundeness and compactness of Sturm-Liouville operator

In general, the configuration space (or phase space) of a quantum system is a (complex)
Hilbert space H. An observable a corresponds to a linear operator A in this Hilbert, and

its expectation, is given by the real number

Ey (A) = (¥, AY) = (AY, ) (3.3.1)

where ( ;) denotes the scalar product of H. Similarly, the mean-square deviation is given
by
A(A)? = Ey(A%) = Ey(A)? = (A = Ey(A) ¢
Note that A(A) vanishes if and only if ¢ is an eiguenfunction corresponding to the eigenvalue

Ew(A), that is A = Ew(A)

3.3.1 Schrédinger equation

Given an initial state 1/(0) of the system, there should be a unique (t) representing the
state of the system at time t. We will write ¢ (t) = U(t)¥(0), U(t) should be a linear
operator. Moreover, since 9(t) is a state (i.e ||¢|| = 1), we have ||[U(t)y|| = |||, since we
have assumed uniqueness of solutions to the initial value problem, we must have U (0) = I,
and U(t + s) = U(t)U(s). In addition, it is natural to assume that the family of unitary
operators group U(t) is continuous; that is, litf)nU (1) = u(to)t, for all ¢» € H. Each such

group has an in nitesimal generator defined by

Hy = lign%(U(t)w —1), D(H) = {@D €H, lién%(U(t)w — exists}

This operator is called "Hamiltonian", and corresponds to the energy of the system, then

¥(t) is a solution of the Schrodinger equation
() = ()
"

If initially the wave function is given by ¥ (x;0) = 1, (z), the Schrédinger equation says

that its evolution is given by

¢ (x,1) = by exp(—itH)
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3.3. Relatively form boundeness and compactness of Sturm-Liouville operator

But how to compute exp(—itH)?, For exemple if H = A, this is where Fourier transform
comes in handy. Diferentiation becomes multiplication on the Fourier transform side, and

so exp(—itH )Y, (z) = /exp (ix —1i €2 t) Vo (€) d€, where

Rn

Do (6) = / exp (—i€x) vy (z) de

R’I’L
Also, Stationary phase methods lead to very precise estimates on free Schrodinger

1 A —-n
evolution. In particular, for large time, exp(—itH )y, (z) « t—ﬂwo (%) +o(t2).
2

An other direction is extention the property of diagonalizable matrix on finite dimen-
tional setting to infinite dimentional setting, which requires that the operator is self-adjoint.

This lead to the spectrum theory for self-adjoint operator. For exemple the equation

dv
= Av,v(0) = chvj (3.3.2)

has solution v(t) = exp(—iAt) = Zexp(—i)\jt)cjvj

this time )\; =frequency of the solution in direction v;. Looking ahead in PDEs, we
suppose that A = —A in a domain 2 C R”, assume boudary conditions that make the
operator self-adjoint. Then the eigenvalues \; and eigenfunctions v; (x) of the lablacian
satisfy —Awv; = A\jv; in ), and the spectrum increase to infinity: A\ < Ay < A3 < ... — 00
and the eigenfunctions form an ONB for L? ()

Substituting A = —A into (3.3.2) transform them into famous PDE for the function

v(z,t) called Schrédinger equation. Separation of variables gives

v = exp(iAt)v(.,0) = Z exp(—iA;t)c;v;

Here ) is the frequency or energy level, and v; is the quantum state.

Recall that the symmetric second order differential expressions take the form
S(u) = w™ (=D(pDu) + qu)

on an interval I = [c,00[, ¢ > 0, where D is the first derivative, the coefficient p, ¢ are
1
real, p(z) > 0 on I and —, g are locally lebesgue integrable on I, and w > 0 is the weight
p
function of the Hilbert space setting L?(w, I).
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3.4. Relatively form boundedness and compactness

3.4 Relatively form boundedness and compactness

A much more interesting problem is when we add electric potential, some sort of effective
interaction with other particles. The operator describing this system is now: Hy = H + V,
how to analyse this operator?. One possibility is to consider V' as a perturbation to the
operator H. For the study of perturabtion theory, two useful concepts which have extensive
application are those of relative boundedness and compactness. Many important spectral
properties of operators are preserved under this property.

Note that A being L — bounded (respectively, L — compact) is equivalent to A being a
bounded (respectively, compact) operator acting on the graph G of L with graph norm
lz|| = |||l + ||Lz||. Then, as a consequence of the closed graph theorem, we have the

following theorem.

Theorem 3.4.1 ([64]) If A and L are closed operators and D(L) C D(A), then A is
L — bounded

Many important spectral properties of operators are preserved under relatively bounded
or relatively compact perturbation. For example the essential spectrum of L is invariant
under a relatively compact perturbation as is self-adjointness if L is self-adjoint, A is sym-
metric and 3, < 1 (Kato-rellich Theorem). The property of a purely discrete spectrum is
also preserved for a symmetric perturbation A of a self-adjoint opeartor L when 3, < 1 [20].
Also, deficiency indices are unchanged for perturabation where 5, < 1 [17].

These concepts can be defined also with respect to quadratic forms. When we first
consider a self-adjoint operator A > 0, and a densely defined symmetric operator L which
satisfies L > eI, for some € > 0, ¢ is called the lower bound of L, which means (Lz,x) >
e (z,z) for all x € D(L). Form relative boundedness and compactness of A with repect to

L can be defined as follows.

Definition 3.4.1 If D(L) C D(A), and there exist nonegative constant o and B such that

(Az,x) < ax,x) + B (Lx,x), for all x € D(L), (3.4.1)

38



3.4. Relatively form boundedness and compactness

then the form (A.,.) is bounded with respect to the form (L., .)

If L is self-adjoint, then closed, applying Theorem 3.4.1, this definition is equivalent
to say that the self-djoint operator A is L — bounded. For this reason it is costumary to
reformulate (3.4.1) in terms of the closures of the forms.

In a finit dimensional space, the notion of sesquilinear form and that of a linear operator
are equivalent, any symmertic form corresponding to a symmetric operator. This is valid on
infinite dimensional space as long as one is concerned with bounded forms. In the case of
unbounded forms and unbounded operators, however, there is no such abvious relationship.
Nevertheless there exists a closed theory on a relationship between semi-bounded symmetric
forms and semi-bounded self-adjoint operators, this theory is due to Friederichs [33], on
which a self-adjoint extention of the symmetric operator L, noted Ly, is constructed and
has the same lower bounds ¢ as L, called the Friederichs extension, if L is already self-adjoint
then L = Ly.

For the sturm-liouville operator, a characterization of Ly is given in [53], and the closure
of the form (L., .) is defined by <L% o LJ% > [53], where L]%c is the unique positive square roote
of Ly . Which lead to reformulate (3.4.1) by the inquality

L2 12
HAEQ;H gaHxHQ—l—BHL%xH , for allr € D(L)

From which montioned above, we can rephrase the definition 3.4.1 on the form version,

rectricted to particular operators as following

Definition 3.4.2 If A >0, and L > I, for some € > 0, are self-adjoint operators, then A
1

is said to be relatively form bounded with respect to L if D(L}) C D(Az2).
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Chaptre 4

On Convergence of Essential
Approximate Point Spectrum And

Essential Defect Spectrum

This chapter is devoted to the investigation of the relationship between the essential approx-
imate point spectrum (respectively, the essential defect spectrum) of a sequence of closed
linear operators (7},)n,en on Banach space X, and the essential approximate point spectrum
(respectively, the essential defect spectrum) of a linear operator 7' on X, where (7,),en
converges to 7', in the case of convergence in generalized sense as well as in the case of the

convergence compactly.

4.1 Introduction

The central objective of this work is to make an extensive study about the essential

approximate point spectrum, noted o..,(.), and the essential defect spectrum, noted os(.),
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4.1. Introduction

of a sequence of linear operators in Banach spaces. According to the convergence sense
of the sequence of operators, our work may be devised in two parts, the first is concerned
on the case of a sequence of closed linear operators T, converges in the generalized sense
to a closed linear operator 7' (see Definition 4.3.4), and the second is concerned on the
case of a sequence of bounded linear operators 7,, converges compactly to a bounded linear
operator T' (see Definition 4.4.2). The case of a sequence of bounded linear operator T,
converges in the operator norm to a bounded operator 1" was studied by C.Schmoeger in
[79, Proposition5).

In the first part, we study the essential approximate point spectrum and the essential
defect spectrum of a sequence of closed linear operators 7, converges in the generalized
sense to a closed linear operator 7. Using some of the basic properties of the notion of
convergence in the generalized sense which is extended to the case of a sequence of closable
linear operator in [8, T"heorem 2.3|, we show that the essential approximate point spectrum
of (T, + B — Xg) is included in the essential approximate point spectrum of (7°+ B — o)
for sufficiently large (n € N) where T,, converges to T in the generalized sense, B, and
(T + B — X\o)~" are bounded in X, the same statement is proved for the essential defect
spectrum (see Theorem 4.3.3), a particular case is presented in (Corollary 4.3.1) which
is a generalization to the result obtained by C. Schmoeger in [79, Proposition5]. In the
second part, in contrast to the results due to S. Goldberg on perturbation of semi fredholm
operators by operators converging to zero compactly (see [38]), and the characterization of
the essential approximate point spectrum and the essential defect spectrum by means of
semi fredholm operators (see Proposition 4.2.1), we examine the relationship between the
essential approximate point spectrum of a sequence of linear operators 7}, and the essential
approximate point spectrum of an operator 7' such that 7,, converges to T' compactly, and

the same statement is obtained for the essential defect spectrum, (see Theorem 5.2.2).

In order to introduce our results, we organize this part as follows. The next section is a
preliminaries, Where we review some of the concepts and properties that concern us in our
study. In section 3 we present our main results to investigate the essential approximate point

spectrum and the essential defect spectrum of a sequence of linear operators 7,, on Banach
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4.2. Preliminaries and auxiliary results

space X, where T}, converges in the generalized sense, and the same when T, converges

compactly.

4.2 Preliminaries and auxiliary results

In this section we gather some notations and results of each of convergence in generalized
sense and the convergence compactly, that we need to prove our results later. In order
to present our results, we need to fix some notation and assumptions. Let X be Banach
space. By an operator 7' on X we mean a linear operator with domain D(T) C X, and a
range R(T) € X. N(T) denote the null space of T, the graph of T is the set defined by
G(T) :={(z,Tx) € X x X,for all x € D(T)}. T is said to be closed if it’s graph G(T) is
closed in the product space X x X. T is said to be compact if, for every M a bounded
subset of D(T), T(M) C R(T) is relatively compact, so that T'(M) is compact. We denote by
C(X) the set of all closed, densely defined linear operators on X, and let £(X) (respectively,
K(X)) denote the Banach algebra of all bounded linear operators (respectively, the ideal of
all compact operators) on X. The nullity, «(7T'), of T is defined as the dimension of N (T)
and the deficiency, 5(T"), of T'is defined as the codimension of R(T") in X. For T' € C(X), we
let o(T"), p(T') respectively the spectrum, and the resolvent set of 7. The reduced minimum
modulus (7T) of T is defined by v(T") := inf {||Tm|| cdist(x, N(T)) =1, z € D(T)}, we set
¥(T) = o0 if T'= 0. A useful classes of linear operators which have extensive application in
spectrum theory are those of:

The set of upper semi-Fredholm operators on X is defined by

o, (X):= {T €C(X): a(T) <ooand R(T)is closed in X}.
The set of lower semi-Fredholm operators on X is defined by

o (X) = {T € C(X): B(T) < oo and R(T) is closed in X}.
The set of semi-Fredholm operators on X is defined by

O (X) =, (X)Ud_(X).
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4.2. Preliminaries and auxiliary results

The set of Fredholm operators on X is defined by
(X)) =P, (X)ND_(X).

For T'€ ®,(X), the number i(T) = «(T) — B(T) is called the index of T'.

Let ®°(X), @ (X) and ®° (X)) denote the set ®(X)NL(X), D, (X)NL(X) and _(X)N
L(X), respectively.
Moreover, the set of Frefholm perturbations on X is defined by

F(X):= {F € L(X): T+ F € &(X);whenever T € CID(X)},
the set of lower semi-Fredholm perturbations on X is defined by
F(X):= {F € L(X): T+ F € ®&_(X);whenever T € <I>_(X)},
and the set of upper semi-Fredholm perturbations on X is given by
Fi(X) = {F € L(X):T+F € &, (X); whenever T € ®+(X)}.

Let 7°(X), F2(X) and F* (X) denote the set F(X)NL(X), F(X)NL(X) and F_(X)N
L(X), respectively.
Let we now recall definitions and notions of concepts which we are interested throughout

this study.

Definition 4.2.1 Let X be Banach space. For each T € C(X). We define

(1) The Weyl essential spectrum of the operator T by

ou(T):= () o(A+K)
Ke K(X)

(17) The essential approzimate point spectrum of the operator T' by

Teap(T) = m oap(T + K)
Ke K(X)

where, 04,(T) :={A € C: me(T) A= Tz| =0)},

[[z]|=1,z€
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4.3. The convergence in the generalized sense

(7i7) The essential defect spectrum of the operator T' by

ois(T) =[] 0s(T+K)
Ke K(X)

where, 05(T) := {\ € C: A\ — Tis not surjective}.
It’s clear that, for ' € C(X), it holds 0,,(T") := 0eap(T') Uoes(T'). The essential approximate
point spectrum was introduced by V. Rakocevié¢ in [69], and the essential defect spectrum
was introduced by C. Schmoeger in [79].

A characterization of the essential approximate point spectrum, and the essential defect
spectrum by means of upper and lower semi-Fredholm operators is given by the following

proposition
Proposition 4.2.1 [44, Proposition 3.1] Let T' € C(X), then

(i) X & 0eap(T) if, and only if, \ =T € &, (X) and i(A—T) < 0.

(it) A & 0es(T) if, and only if, \— T € ®_(X) and i(\ —T) > 0.

4.3 The convergence in the generalized sense

4.3.1 The gap topology

While the distance between two bounded linear operators can be defined as the norm of
their difference, the distance between two unbounded linear operators has to be measured in
a different ways. One possibility is to use the gap between their graphs, which leads to the
notion of convergence in the generalized sense, which essentially represents the convergence

between their graphs. This concept of convergence can be found in the literature (see [54])

Definition 4.3.1 The gap between two linear subspaces M and N of a normed space X 1is
defined by

o~

5(M, N) := max {5(M, N),8(N, M)}
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4.3. The convergence in the generalized sense

where

sup dist(z, N), if M # {0},
S(M,N) : = ¢ lzl=1

0, otherwise.

From the Definition 4.3.1, it follows that 6(A/, N) = 0 if, and only if, M C N. The set
of all closed linear subspaces of X equipped with the distance 5(, -) forms a metric space,
and a sequence of closed linear subspaces M, converges to M if S(Mn, M) — 0. The gap
between two closed subspaces was introduced in Hilbert space by M.G. Krein and M. A.
Krasnoselski in [55]. This notion was later extended to arbitrary Banach spaces in a paper
by M. G. Krein, M. A. Krasnoselski, and D. P. Milman in [56].

If T,S € C(X), their graphs G(T),G(S) are closed linear subspaces in the product space
X x X. Thus the distance between T and S can be measured by the "gap" between the
closed linear subspaces G(T'), G(.5).

Definition 4.3.2 Let X be a Banach space, and let T', S be two closed linear operators on

X. Let us define
(T, S) = 6(G(T),G(S)) and 8(T,S) = 6(G(T),G(S)).

g(T, S) 15 called the gap between S and T.

-

Remark 4.3.1 (i) 6(G(T),G(S)) = sup Lei%(fa (Hw —y|? + || Tz — syuzﬂ .
z e D(T)
l]* + | Tz ]* = 1
(17) The function g(, -) defines a metric on C(X,Y') which is called the gap metric, and the
topology induced by this metric is called the Gap topology or Kato topology.

(1ii) For more properties of 6(-,-) and 3(, -) we refer to [54, Pages 197, 200, 201].
Now, let us study some basic properties of the convergence in the generalized sense.

Theorem 4.3.1 [54, ChapterIV Section2] Let T and S be two closed densely defined linear

operators. Then, we have:
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4.3. The convergence in the generalized sense

(i) If S and T are one-to-one, then 8(S,T) = 6(S~1, T~Y) and 6(S,T) = 5(S~1,T).
(i) Let A € L(X). Then 6(A+ S, A+T) < 2(1+ || A|*)(S,T).

(iii) Let T be Fredholm operator (respectively semi-Fredholm operator). If0(T,S) < v(T)(1+
[V(T)]2) =, then S is Fredholm operator (respectively semi-Fredholm operator ), a(S) < a(T)
and 5(S) < B(T). Furthermore, there exists b > 0 such that S(T, S) < b, which implies
i(S) = i(T).

(w) Let T € L(X). If S € C(X) and E(T, S) < [1 + HT||2]_;, then S is bounded operator
(so that D(S) is closed).

A complete discussion of all the above definitions and properties may be found in T.
Kato [54]. For the case of closable linear operators, the authors A. Ammar, and A. Jeribi

have introduced in [8] the following definitions and results

Definition 4.3.3 Let S and T be two closable operators. We define the gap between T and
S by §(T,S) = §(T, S) and (T, S) = §(T, S).

4.3.2 The convergence in the generalized sense

Definition 4.3.4 Let (T,,),en be a sequence of closable linear operators on X and let T be
a closable linear operator on X. (T),)nen 18 said to be convergent in the generalized sense to

T, written T,, = T, ifg(Tn, T) converges to 0 when n — oo.

In recent years, several authors have investigated the notions of generalized convergence of
a sequence of closed linear operators in Banach spaces. We can cite as example [54, 68].
In [68], M. Pellicer stated that the notion of generalized convergence can be viewed as
the convergence between the graphs of operators and hence it is useful in comparing the
corresponding resolvent operators. Essentially, in [68] M. Pellicer used this notion between
closed linear operators both to introduce the notion of a gap between linear operators and
to study the nonlinear strongly damped wave equation with a dynamic boundary condition.
It should be remarked that the notion of generalized convergence introduced above for closed

and closable operators can be thought as a generalization of convergence in norm for linear
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4.3. The convergence in the generalized sense

operators that may be unbounded. Moreover, an important passageway between these two

notions is developed in the following theorem

Theorem 4.3.2 [8, Theorem 2.3| Let (1},)nen be a sequence of closable linear operators on

X and let T be a closable linear operator on X.

(i) T, == T, if, and only if, T, + S - T + S, for all S € L(X).

(i1) Let T € L(X). T, =2 T if, and only if, T, € L(X) for sufficiently larger n and T,
converges to T

(ii3) Let T, 2> T. Then, T~ exists and T~' € L(Y), if, and only if, T exists and
T 1 e L(X) for sufficiently large n and T, ' converges to T.

Proof. (i) Let S € £(X,Y), then

~ ~

NT,+S,T+5S) =

o~

By using Theorem 4.3.1 (iii), we have (T, + S, T+ S) < 2(1+ ||S||?) 8(T,, T). Hence,

(T, + S, T +8) < 2(1+|S|>)d(T,, T). (4.3.1)

In other terms, S(T_n, T) = 5 (T, + S-S, T+S—15), hence,
(T, T) <201+ ||S|2)0(T, + S, T + S). (4.3.2)

If T,, converges in the generalized sense to T' then S(Tn, T) — 0. So, by using (4.3.1) we
have, g(Tn + S, T+ S) — 0. Then, T, + S converges in the generalized sense to T + S.
Conversely, if T,, + S converges in the generalized sense to T'+ S and according to (4.3.2)
we have, E(T n+ S, T+S)— 0asn— oco. Hence, T,, converges in the generalized sense to

T.

(77) Let us assume that T, converges in the generalized sense to T" and that T' € L(X,Y).
Let ng € N such that 8(T,T},) < L holds for all n > ng. Suppose that x € D(T,,)

VIHITI?

where n > ng is fixed. First, we show that

(T = T)al| < 6(T,, T) (14 ||T2]))? (4.3.3)
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4.3. The convergence in the generalized sense

Indeed,
I(T =Tzl < 1Ty - Tuall + [Tl & — yll, ¥y € X.

By using the Cauchy-Schwarz inequality, we deduce that
_ _ 1 1
(T = To)z|| < (lz = ylI* + Ty — Toal*)= (1 + [IT1%)> .
So, we have
o L 1 1
| = Toa < [m; (I =yl + 1Ty = Toa?) } (1+IT1)" (s
ye

Hence, the inequality (4.3.3) follows immediately by using both (4.3.4) and Remark 4.3.1
(1). Now, let z € D(T,), such that ||z||* + ||T,z||* = 1. So, it is easy to prove that

1< (14 HTH?)EHQ;H + H(T—T_n)xH. (4.3.5)
Let 2 € D(T,,) such that ||| < 1. Then we have

L+ |7

1—/1+[TI(T,.T)

Since this inequality is homogeneous in x, then (4.3.6) is also true for any x € D(T},). The
fact that 6(T,, T) = 6(T,, T) = 6(T,,, T) and D(T,,) C D(T,), allows us to conclude that

Jor -] < ( o)l s

1+ |72
1= I+ TIP8(T,. T)

By virtue of (4.3.7), the operator T,, is bounded on D(T,,). This implies that D(T},) is closed.

Hence, D(T,,)) = D(T,) = X, T,, € L(X,Y), and

‘ T, - TH < il 5Ty, T), ¥n > no. (4.3.8)
=T,y ) TS

The relation (4.3.8) enables us to conclude that T,, converges to 7. Conversely, we suppose

that 7, converges to T. So, T is bounded. Now, we can write (T}, T) = g((Tn -T)+

|- T4 < ( 5(Th. T)) o[- v2 € D). (4.3.7)

7,0 + T). This implies that

~

(T, T) < 2(1 + \|T||2)S(Tn —T,0). (4.3.9)
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Theorem 4.2.1 leads to the following inequality E(Tn,T) < 2(1 + HTH2> NG ”ﬂ"j:T” e
+ n -
As a result, T}, converges in the generalized sense to T

(77i) Now, let us argue by contradiction. We assume that there exists = € D(T},) such that
|z|| = 1 and T,,x = 0, for all n € N. In other words, T,, converges in the generalized sense
i ) S >
to T then there exists N € N such that §(7,,T) < \/W’ Vn > N. Then there exists
0 > 0 such that
1

L+ 71
Since (z,0) € G(T},), then there exists y € D(T") such that

(T, T) <6 <

[ = yl* + [ Tha — Tyl* < 6%
Hence, we have
2 2 o 2
L=lal* < (o=l + o) < (le = ol + 1T NTwl) . (4320
and, by using both the Schwarz inequality and (4.3.10) we infer that
1< 52(1 + ||T‘1||2) <1

is a contradiction. So, T,! exists for sufficiently larger n and by virtue of (4.3.8), we deduce

that 7,;' € L(Y, X), and m

1+ || 7712
Tt =T < all Kl S(T,H,T7h. (4.3.11)
" — 14+ ||[TY26(TL, T "

By using Theorem 4.2.1 (i7), and also the estimation (4.3.11) we infer that

B B 1+ ||T7Y?
T -1 < T, T). 4.3.12
| R (1 — /14 T-]26(T,, T) (T T) ( )

According to (4.3.12), we also emphasize that T, converges to T~!. Conversely, for the

reasoning of the proof of (i7), it is sufficient to just replace T' and T, by T~ ' and T

respectively.
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4.3. The convergence in the generalized sense

4.3.3 Convergence of Essential Approximate Point Spectrum And

Essential Defect Spectrum via the generalized convergence

The first main result is embodied in the following theorem, when we discuss and study the
essential approximate point spectrum, and the essential defect spectrum of a sequence of
closed linear operators perturbed by a bounded operator, and converges in the generalized

sense to a closed linear operator in a Banach space

Theorem 4.3.3 Let X be Banach space, Let (T,,),en be a sequence of closed linear operators
converges in the generalized sense in C(X) to a closed linear operator T, and let B a bounded
linear operator mapping on X such that p(T + B) # 0. For X\g € p(T + B), we have

(1) If U C C is open and 0 € U, then there exists ng € N such that, for every n > ng, we

have

Teap(Tn + B — X\g) C 0eap(T+ B — Xo) + U, (4.3.13)

and

0es(T + B — Xg) € 0es(T + B — Xo) + U, (4.3.14)

(17) If U C C is open and 0 € U, then there exists € > 0, and ny € N, such that, for all
S € B(X), and ||S|| < €, we have

Oeap(Tn + B+ S — Xg) C 0eap(T + B — Xo) +U, for all n > ny,

and

Oes(T + B+ S —Xg) Cows(T+ B—X)+U, for all n > ny.

Proof. For (i), before proof, we make some preliminary observations. Since T, —
T, then by Theorem 4.3.2 (i), (T, + B — X)) —= (T + B — )X), furthermore, we have
(T + B — X\o)~' € £(X), which implies according to Theorem 4.3.2 (iii), that Ay € p(T},+B)
for a sufficiently large n and (T}, + B — o)~ converges to (T + B — o) ~'. We recall that
the essential approximate point spectrum of a bounded linear operator is compact, but

this property is not valid for the case of unbounded operators, for this reason, using the
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4.3. The convergence in the generalized sense

compactness of 0eq, (T + B — A\g) ™! because (T'+ B — )\0)_1 is bounded, as a first step, we

will prove the existence of ng € N, such that for all n > ng, we have
Oeap(T + B —X0) ™ C 0eap(T + B —Xo) ' +U. (4.3.15)

The proof by contradiction. Suppose that (4.3.15) does not hold. Then, by studying a
subsequence (if necessary) we may assume that, for each n there exists \,, € 0eop(T5, + B —
Xo) ! such that A\, & eap(T + B — Ag) ™! + U. Since (\,) is bounded, we may assume that
nEEEloo An = A, which implies that A\ & 0.4,(T + B — X\g) ' + U. Since 0 € U then we have

A & Oeap(T+B—Xo)~". Therefore \—(T'+B—Xo) ' € ®(X) and i(A—(T'+B—Xo) ™) < 0.
As (A, = (T, + B — Xo)™") converges to (A — (T + B — Ag)™!), we deduce that

(M = (T 4+ B =) A= (T + B = X)) — 0 when n — oo.

Let 6 = 7(/\ —(T+ B - )\0)_1) > 0, then there exists ng € N such that, for all n > ng we

have g()\n — (T, +B—X) A= (T+B—X) 1) < \/15?. By using Theorem 4.3.1 (iv)
+

we infer that A\, — (T, + B — \g) ™' € ®(X). Furthermore, there exists b > 0 such that

5(An = (T + B =X)L, A = (T +B— X)) <b,

which implies i(A, — (I, + B — Xo) ') = i(A— (T + B — X\)™') < 0. Then we obtain
A & 0eap((T + B — Xo)™"'), which is a contradiction. Hence (4.3.15) holds. Now, take
Yo € Oeap(Tn + B — o) such that v, & 0eop(T' + B — o) +U. From o, is upper semi con-
tinuous at (T + B — \g) ', (see[69, 70] ), there exists k > 0 such that k= < |v,, — Ao| 7}, so
(7,) is bounded. Therefore it can be assumed that v,, — 7. Then v & 0., (T + B — A\o) +U
and hence v € 0cqp(T + B — Ag). This implies that (7)™ &€ 00, (T + B — o) 1).

We set A\, = (7,)"', A = (7)7'. Then by using (4.3.15), there exists ny € N such that
for all n > ng, A\, € eap((Tr + B — Xo)™!), which implies v,, € 0.0p((T, + B — Xo)), is a
contradiction.

(77) Since S is bounded, it’s clear by using Theorem 4.3.2 (i), that the operators se-
quence A, = (T, + B+ S — )\y) converges in the generalized sense to the operator A =
(T+ B+ S — Xg), then we need, for applying (i), to prove that p(T + B) C p(T + B+ S).
Let \g € p(T + B), for S € L(X) such that ||S|| <

= g1, we have

1
I(T"+ B = o)~
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4.3. The convergence in the generalized sense

IS(T + B — Xo) || < 1, which gives that (I + S(I'+ B — )\0)_1)_1 exists and bounded,
when the existence is given by the convergence of the Neumann serie Y ;- (—S (T'+ B — /\0)*1) k,

and the boundedness is immediately from the inequality

1
ISIHIT + B = Ao) I

(T +S(T+B =) < 1=

which implies that the operator

(T+B=2)+5) " =(T+B=X) " "(I+S(T+B-x)")"

exists and bounded, then 0 € p(T'+ B + S — X\g). Now applying (i) to A,, and A, we de-

duce that there exists ng € N, such that 0.,,(T}, + B+ S — Ag) C 0eqp(T+ B+ S — Xo) +

U, for all n > ng, andY C Cis an open containing 0, we will prove that e, (T + B + .S — Xg) COeap(T + B
by contradiction. Let A € 0eqp(T 4+ B — Ag), then (A — (T'+ B — X)) € ®,(X) and

i()\ —(T+ B - )\0)) < 0. From [54, ChapterIV.Theoremeb5.22, p236], we deduce that there

exists 2 > 0 such that for ||S|| < &3, one has (A — (' + B+ S — X)) € ¢,(X) and
i(A=(T+B+S—X\g)) = i(A—(T+B—X)) < 0. This implies that A & 0q,(T+B+S— o).

Then by transitivity

Oeap(Tn + B+ S —Xg) C 0eap(T + B — o)

From what has been mentioned and if we take ¢ = min(eq,&2), then for all ||S|| < e, there
exists ng € N such that 0., (T, + B+ S — \g) C 0eap(T + B — o) +U, foralln >ng. m
As a straightforward consequence of Theorem 4.3.3 we can easily obtain the following

result.

Corollary 4.3.1 Let (T,)nen be a sequence of closed linear operators and T a closed linear
operator such that (T,) = T, we suppose that 0 € p(T) then,

(1) If U C C is open and 0 € U, then there exists ng € N such that, for every n > ng, we
have

Oeap(Tn) C Oeap(T) + U. (4.3.16)

and

O'e(;(Tn) g O'eg(T) + U. (4317)
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4.4 'The convergence compactly

In this part, motivated by the analysis started by S. Goldberg in 1973 [38, T"heorem 4], we
examine the convergence of the essential approximate point spectrum and essential defect

spectrum of a sequence of linear operators converges compactly

4.4.1 Convergence to zero compactly

Definition 4.4.1 Let (T},),en be a sequence of bounded linear operators mapping on X,
(T)nen 1s said to be convergent to zero compactly, written T, <50, if for all z € X,

T,z — 0 and (T,x,), is relatively compact for every bounded sequence (x,,), C X.

Theorem 4.4.1 [38, Theorem 4] Let K, be a sequence of bounded linear operators such
that K, — 0, and let T be a closed linear operator. If T is a semi-Fredholm operator, there

exists ng € N such that for all n > ny,

(1) (T + K,,) is semi-Fredholm,
(i7) (T + K,,) < o(T),

(1ii) B(T + K,,) < B(T), and
(iv) i(T + K,,) = i(T).

4.4.2 Convergence compactly

Inspired by the notion of convergence to zero compactly, we examine the following definition.

Definition 4.4.2 Let (T,,)nen be a sequence of bounded linear operators mapping on X and
let T € L(X), (T))nen is said to be converge to T compactly, written T,, —— T if, and only

if, T,, — T converges to zero compactly.

Proposition 4.4.1 [8, Proposition 3.1] Let (T,),en be a sequence of bounded linear opera-

tors which converges compactly to a bounded operator T'. Then,
(i) if T,, € F(X), then T € F°(X),
(i) if T, € F2(X), then T € F2(X), and

(#ii) if T,, € F*(X), then T € F(X).
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Proof. Let A € ®°(X). Using the fact that T;, — T' converges to zero compactly, and by
virtue of Theorem 4.4.1, there exists ng € N such that A — (T}, = T) € ®*(X) for all n > ny.
Since T;, € F*(X), we have A — (T,, — T) + T,, € ®*(X) for all ng € N . This shows that
T € F*(X).

The proofs of (ii) and (i7i) may be achieved by following the same reasoning as for (i). m

M. Schechter in [72], proved the following related theorem: Let T, converges to T. If
T, € F°(X) (respectively T, € F°(X)) then T € F*(X) (respectively T € F’(X)). The
above result is a very special case of Proposition 4.4.1. Indeed, if T;, converges to T this

implies that 7,, — T' converges to zero compactly.

4.4.3 Convergence of Essential Approximate Point Spectrum And

Essential Defect Spectrum via the convergence compactly

In the next theorem we discuss the essential approximate point spectrum and the essential

defect spectrum of a sequence of linear operators converges compactly

Theorem 4.4.2 Let (T,,)nen be a sequence in L(X) and let T be a bounded linear operator
on X.

(7) If T,, converges to T compactly, U C C is open and 0 € U, then there exists ng € N such
that, for every n > ng

Oeap(Th) C 0eap(T) + U, (4.4.1)

and

Ueg(Tn) g O'eg(T) + U. (442)

(13) If T,, converges to zero compactly then there exists ng € N, such that for every n > ng

Geap(T +Tp) C Geap(T), (4.4.3)

and

o5 (T +Ty) C ous(T). (4.4.4)

Proof. (i) The proof by contradiction. Assume that the inclusion is fails. Then by

passing to a subsequence (if necessary) it may be assumed that, for each n, there exists
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An € Oeap(Ty) such that \, ¢ oeqp(T5) + U, since A, is bounded, we suppose (if necessary
pass to a subsequence) that ngrfw An = A, which implies that A ¢ 0.4,(7") +U. Using the
fact that 0 € U, we have \ ¢ 0¢4p(T'). Therefore (A —T) € &, (X), and i(A —T) < 0. As
(Aw—T,)—(A=T) — 0, which implies by Theorem ?? (i) and (iv) that (A, —T,) € ®,(X),
and i(\, —T;,) = i(A —T) < 0, then A\, & 0c4(7},), which is a contradiction, hence the
inclusion (4.4.1) holds. The statement for the essential defect spectrum can be proved
similarly.

(1) We have T is bounded, and T;,, — 0, then for A\ ¢ 0.,,(T), A — T € ®%(X), and
i(A\—T) < 0. Since T, = 0, then if we apply Theorem ?? (i) and (iv) we obtain that
there exists ng € N, such that for all n > ng, A =T) —T,, = ()\ — (T—{—Tn)) € d,(X), and
iA=T)=1i(A— (T +T,)) <0, which implies that A ¢ 0cq(7}), then the inclusion (4.4.3)
is valid. For the inclusion (4.4.4) the proof is similarly. m

From the above result we deduce the following consequence concerned on a sequence of

closed linear operators

Corollary 4.4.1 Let T be a closed linear operator and let (T,,)nen be a sequence of closed
linear operators on X, such that p(T,) N p(T) # ¢, let n € p(T,,) N p(T),

if (T, —n)™' — (T —n)~! converges to zero compactly then there exists ng € N such that, for
alln > ng

Ueap<Tn - 7]) g Ueap(T - 7])7

and

Ueé(Tn - 77) g Ueé(T - 77)

Proof. If we put K, = (T, —n)~* — (T — n)~', we have K,, — 0, and (T}, —
n)~' = (T —n)~' + K, by using the inclusions (4.4.3) and (4.4.4) respectively, we infer
that oeap (Tn = 1)) = Oeap(T =07 + Kn) € 0eap((T = m)7"), and 005 (T — 1)) =
065((T —n)t+ Kn) C 065((T—77)_1). Then 0oy (T, —1) C 0eap(T —n), and oe5(T, —n) C
Oes(T'—1m). =
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Chaptre 5

The spectrum continuity using the

v—convergernce

This chapter is devoted to the investigation of some properties of the essential spectra
of a sequence of bounded linear operators by referring back to v-convergence in a Banach
space. In addition to that, we shed light on the notion of v-continuity. In fact, if U is a
bounded linear operator then the Wolf essential spectrum and the Weyl essential spectrum
of U are v-upper semi-continuous at U. Similarly we study the v-continuity of some 3 x 3
block operator matrices (see Theorem 5.4.2), more precisely we generalized the result of A.

Ammar in 3 x 3 block operator matrices to 3 x 3 block operator matrices .

5.1 Introduction

Let X be Banach space. By an operator 7" on X we mean a linear operator with domain

D(T) C X, and a range R(T) € X. N(T) denote the null space of T, the graph of T is
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the set defined by G(T') := {(z,Tz) € X x X,for all z € D(T)}. T is said to be closed
if its graph G(T') is closed in the product space X x X. T is said to be compact if, for

every M a bounded subset of D(T), T(M) C R(T) is relatively compact, so that T'(M) is
compact. We denote by C(X) the set of all closed, densely defined linear operators on X, and
let £(X) (respectively, K(X) ) denote the Banach algebra of all bounded linear operators
(respectively, the ideal of all compact operators) on X. The nullity, a(7"), of T is defined
as the dimension of N'(T) and the deficiency, 5(T"), of T is defined as the codimension of
R(T) in X. For T € C(X), we let o(T), p(T') respectively the spectrum, and the resolvent
set of T'. A useful classes of linear operators which have extensive application in spectrum
theory are those of:

The set of upper semi-Fredholm operators on X is defined by
D, (X):= {T €C(X): a(T) <ooand R(T)is closed in X}.
The set of lower semi-Fredholm operators on X is defined by
o (X):= {T €C(X): B(T) < oo and R(T) is closed in X}.
The set of semi-Fredholm operators on X is defined by
P (X)) =D, (X)UP_(X).
The set of Fredholm operators on X is defined by
(X)) =, (X)ND_(X).

For T' € &, (X), the number i(T) = a(T") — 5(T) is called the index of T
Let ®°(X), @) (X) and ®° (X)) denote the set ®(X)NL(X), D (X)NL(X) and _(X)N
L(X), respectively.
For each T € C(X), we define the Weyl essential spectrum of the operator 7' by
ou(T):= [) o(A+K).
Ke K(X)

and the Wolf essential spectrum of the operator 7' by

orU)=C\{ eC: \=U € ®(X)}.
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A characterization of the Weyl essential spectrum by means of Fredholm operators is

given by the following proposition

Proposition 5.1.1 [44, Proposition 3.1] Let T' € C(X), then

A& o,(T) if, and only if, \ =T € ®(X) and i(A—T) = 0.

It’s clear that o, (U) = o;(U)U{A € C: i(A—U) #0}.

5.2 The v—convergence

The spectrum of a linear operator is one of the most useful objects in functional analysis.
However, since exact computations of the spectrum are almost always impossible, it is
relevant to know the spectrum or any of its parts in approximate way. Several authors
have studied this problem and other related topics using various types of convergence in
L(X). There are several notions of convergence of a sequence of operators which yield
spectral results: the norm convergence ([21], [26], [27], [31], [29], [30], [32], [67], [76], [77],
[79]), collectively compact convergence ([12]), compact convergence and regular convergence
([10]), stable and strongly stable convergence ([25]), resolvent operator convergence ([59]),
spectral convergence ([5]), convergence of (7},),, to T in the sense that the spectral radius
r(T,, —T) of T,, — T tends to zero and ||(7,, — T)T,]|| tends to zero ([7]), asymptotically
compact convergence ([11]) and also discrete versions of some of these ([84],[40], [85]), to
name a few. Moreover, in 1994 M. Ahues, and A. Largillier introduced the v-convergence
in ([6]), this mode of convergence encompasses a wide variety of approximation methods,
also this convergence allows to approximate non-compact operators through finite rank
operators. The v-convergence is defined as

T, = T < {(||T.|)} is bounded, ||(T;, — T)T|| — 0, and ||(T}, — T)T,|| — 0. The condition
on the norms of the operators T,,, (1, — T')T, and (7,, — T')T,, have evolved from ([6]) and
([82]). The concept v-convergence emerged as a new mode of convergence to approximate
the noncompact opertaors resorting to finite rank operators. Note that the v-convergence is

a pseudo-convergence in sense that we can find 7,, v-convergent to T" and 7T,, v-convergent
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to V but T # V(see [8, Remark 2.1]). However the spectrum of 7" and V' are the same (see
6, Exercise 2.12]). In order to study spectral continuity properties, this type of convergence

is useful ([32], [26], [78], [8]).

Lemma 5.2.1 [6, Lemma 2.2]
(1) If U,—U then U, = U. Conversely, if 0 € p(U) and U, = U, then U,—U.

(ii) Let U, = U and V,,—V. Then U, +V,, = U +V if, and only if, (U, — U)V—0.

Theorem 5.2.1 [9, Theorem 2.2] Let U, V € L(X) be two operators such that R(U)NR(V)
is closed and let (Uy,) be a sequence of bounded linear operators commuting with both U and
V. IfU, 5 U and U, =V then

0w(U) = 0,(V), (5.2.1)

and

Uf(U) = Jf(V). (5.2.2)

Theorem 5.2.2 [9, Theorem 3.1]Let U € L(X) and (Uy,) be a sequence in L(X) such that
0€ ®. IfU, > U and O is an open set of C with 0 € O, then there exists ng € N such

that, for every n > ng, we have

70 (Us) C 0u(U) + O, (5.2.3)

and

or(U,) Cos(U)+ O, (5.2.4)

Proof. For (5.2.3), assume that the assertion fails. Then by passing to a subsequence, it
may be assumed that, for each n € N, there exists \,, € 0,(U,,) such that A\, & 0,,(U) + O.
Since () is bounded, we may assume that nl_lgloo An = A. This implies that A & 0,,(U)+ O.
Using the fact that 0 € O, we have A & 0,,(U) and therefore, \—U € ®°(X) and i(A-U) = 0.
Let

V= (A — NU + (U = U,)U. (5.2.5)

99



5.2. The v—convergence

It follows from Eq. (5.2.5), that the operator (A, — U,)U can be expressed in the form
O — UU = (A — U)U + V.

Using the fact that V,,—0 and (A\—U)U € ®°(X), there exists ny € N such that for all n > ny
we have (A, — U,)U € ®*(X) and i [(\, — U,,)U] = i[(A — U)U]. Moreover 3(U) < oo, then
by [78, Theorem 1.1(b)], we conclude that (), — U,) € ®°(X) with i(\, — U,) = i(\ — U).
We get (\, — U,) € ®(X) and i(\, — U,) = i(A = U) = 0. So \, & 0,(U,), which is a
contradiction. This enables us to conclude that, o, (U,) C 0,(U) + O, ¥n > ny.

The proof of the inclusion (5.2.4) follows the same reasoning. m

Theorem 5.2.3 Let U € L(X) such that 0 € ®%;, then o, is v-upper semi continuous at U
fori=f, w.

Furthermore, o, is v-continuous at U in each one of the following cases:

(a) oy is v-continuous at U.

(b) If there exists ng € N such that for all n > ny we have o ¢(U) C 0,(U,).

Proof. Let A € limsup(o;(U,,)) for i = f, w. Then we may suppose that there exists a
sequence (A,) such that A, € 0;(U,) for all n € N and A\, — A. From Theorem 5.2.2, for
each p € N\{0}, there exists n, € N such that ¢;(U,) C o;(U) + B(0, %) for i = f, w and
for all n > n,. This implies that for each p > 1, there exist 8, € o;(U) and v, € B(0, 1—1))
such that A,, = 3, + v,. Therefore, lim 8, = lim A, — lim~,, = A. Since o;(U) is a closed

set, it follows that A € o;(U) for i = f, w. We conclude that

limsup(c;(U,)) C o;(U) for i= f, w.

(a) Now, we prove that 0,,(U) C liminf(o,(U,)). Suppose that A ¢ liminf(c,,(U,)) then
there is a neighbourhood V of A with does not intersect infinitely many o,,(U,). Since,
or(U,) C 0,(U,), then V does not intersect infinitely with many o7(U,). Hence \ ¢
liminf(os(U,)). Now using o is v-continuous at U. Then liminf(o;(U,)) = o (U). This
implies that A & o¢(U). This shows that

A —U € d(X). (5.2.6)
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Now, we prove that i(A\ — U) = 0. Since A ¢ liminf(o,(U,)) there exists an increasing

sequence of natural numbers n; < ng < --- such that A € 0,(U,.) for all j € N. Then

A—U,, € ?"(X) and i(\ — U,,) = 0. From [78, Theorem3.4] there exists jo € N such that
i(A—Uy,;) =i(A—=U) for all j > jo. Therefore

iA=U)=0. (5.2.7)
It follows from Egs (5.2.6), (5.2.7) and Proposition 5.1.1, that A & ¢,,(U). So we get that
0,(U) C liminf(o,(U,)).

(b) Assume that the assertion does not hold. Then there exists A € o,(U) such that
A & liminf(o,,(U,)). We discuss two cases.

1¥'case. If X\ € 0,,(U)\os(U) then by using a similar reasoning of (a) we have i(A —U) =0

which is a contradiction.

2"case. If A\ € o4(U), since X € liminf(o,(U,)). Arguing as above, there exists an
increasing sequence of natural numbers n; < ns < ..., and £ > 0 such that for all j € N we

have B(\,e) N 0(Uy,) = 0. Then B(A,e) No(U) = 0 which is a contradiction. m

5.3 The spectrum continuity

5.3.1 Limit inferior and limit superior

Let C be the collection of all non-empty compact subsets of C. For the study of convergence
of a sequence in C with respect to the Hausdorff metric, two useful concepts which have

extensive applications are those of limit inferior and limit superior.

Definition 5.3.1 For FE, be a sequence in C, the limit inferior and limit superior of E,,

denoted respectively by liminf F,,, and limsup E,, can be defined as follow:

liminf F, := {\ € C: Ve > 0,3 ng € N such that B(\,e) N E,, # 0 ¥n > ng}, and

limsup £, := {\ € C: Ve > 0,31 C N infinite such that B(\,e) N E, # 0 Vn € 1}.
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This definition can be characterized by the following

Remark 5.3.1 (i) A € limsup E,, if and only if there exists an increasing sequence of
natural numbers ny < ny < ng < ... and points \,, € E,, , for all k € N, such that

lim A, = A.

(17) X € liminf E,, if and only if there exists a sequence A, such that \, € E, for alln € N,
and lim \,, = \.

Inspired by the notion of v-convergence, we examine the following definitions

Definition 5.3.2 A mapping 7 on L(X) whose values are compact subsets of C is said to
be v-upper semi continuous at U when

U, > U = limsup7(U,) C 7(U),
and to be v-lower semi continuous at U when

U, > U = 7(U) C liminf 7(U,).

If 7 s both v-upper and v-lower semi continuous, then it is said to be v-continuous.

5.4 Application to 3 x 3 block operator matrices

Many problems in mathematical physics are described by the system of partial or ordi-
nary differential equations or linearizations thereof. In application, the time evolution of a
physical system is governed by block operator matrices. Hence the spectral theory of these
matrices plays a crucial role. During the last years F.V. Atkinson, H. langer, R. Mennicken,
and A. A. Shkalikov ([15], [81]) studied the Wolf essential spectrum of operator defined by

a block operator matrix:

A B
C D

M:

which acts on the product space X x Y of Banach spaces. An account of the research a wide
panorama of methods to investigate the spectrum of block operator matrices were presented

by C. Tretter in ([83]).
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Systems of linear evolution equations as well as linear initial value problems with more than
one set of initial data lead, in a natural way, to an abstract Cauchy problem involving an
operator matrix defined in a product of n Banach spaces. In ([48]), A. Jeribi, N. Moalla,
and I. Walha treated a 3 x 3 block operator matrix

A B C
M=| D E F
G H L

in a product of Banach spaces, where the entries of the matrix are generally unbounded
operators. moreover, A. Ammar studied the spectrum continuity of the Weyl and the Wolf
essential spectrum of 2 x 2 block operator matrices using the v—convergence ([8]), it is
the result that we want to extend in the next section to 3 x 3 block operator matrices.
Particularly we focus on the relationship between the v-continuity of 3 x 3 block operator

matrices and the v-continuity of its components.

Theorem 5.4.1 Let X be a Banach space. In the product space X @ X ® X, we consider

a sequence of operators formally defined by a matriz:

M, = D, E, F, |, M = 0 FE 0 and Mo = 0 E F | when A,
G, H, L, 0 0 L 0 0 L

A, B, By, C, Cy, D,, E, E,, F, F,, Gn, L and L, € L(X).

(a) IfA, % A, E, 5 E, L, > L, B, -0,C, —0,D, =0, F, -0, G, — 0 and
H, — 0, then M,, > M. Moreover, if 0 € % N ®5, N & and O is an open set of C with

0 € O, then there exists ng € N such that for every n > ng

ow(Mp) Clow(A)Uoy,(E)Uoy,(L)] + O, (5.4.1)

and

of(M,) Clof(A)Uop(E)Uas(L)] + O. (5.4.2)

(a)IfA, > AE, > FE, L, >L,B,—~B,C,—C,D,—0,F, -F, G, — 0 and,
H, — 0, A,B — AB, A,C — AC, E,F — EF. if0 € ®, N®% N®% and O is an open set
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of C with 0 € O, then there exists ng € N such that for every n > ng n > ng

0w(My) Clow(A)Uo,(E)Uo,(L)] + O,

and

of(M,) Clop(A)Uos(E)Uos(L)] +O.

s
3

Proof. (a) LetU,, =

o O

otijo

0
0 7Vn:
L

00 G,
0 0 F,
n 00 O

,andW,, = | D,

(5.4.3)

(5.4.4)

0 0
0

o O O

G, H,

First we prove that U, % M. Indeed |[U,| = maX{HAnH,HEnH, HLnH} then (|U,||) is

bounded,

| — MM = max { (A, = A)AIL | (B, — B)EI, (Lo — L)L| } = 0,

U = M)y | = mac { (A
|(A

@y — M)y | = mae { I

0 = A Al I(Bn = B)Eul, (L = L)La } = 0, and
0= DAL (B = BYEl| |(Ln = L)L } = 0.

Now, by representing M,, as M,, = U,, + V,, + W,. It follows immediately from the fact
that U, = M, V,, — 0, W, — 0 and Lemma 5.2.1 that

U, + Vo + W, L 0+0+ M.

Then M,, = M. Now, if we suppose that 0 € ® N ®% N &} then 0 € ®Y,. According to
??, there exists ny € N such that for every n > ng, 0;(M,) C [0;(A)Uo;(E)Uo;(L)] +

O, fori=f, w.

(b) By using (a) we have

A, B,—-B C,-C

D, E, E, =
G, H, L,
Since
A, B, C, 0 —B
D, E, F, |+]10 0
G, H, L, 0O O

—C 0 B C
—F 0 0 F
0 0 0 0
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5.4. Application to 3 x 3 block operator matrices

and
A 0 0 0 B C 0 AB AC
O F O |XxX]0O0 F|=]0 0 FEF
0 0 L 0 0 O 0 0 0
Then
A, B, C, 0 -B -C 0 B C A 0 0 0 B C
D, E, F, |+ 0 0 -F O 0 F|—]0FEDO 0 0 F
G, H, L, 0 O 0 0 0 O 0 0 L 0 0 O

Now by using Lemma 5.2.1 , and Theorem 5.2.1 we have

A, B, C, 0 -B —C 0 B C A0 0 0 B C
D, E, F, |+l o o —-F 00 F|2]l o0 E o0 00 F
G, H, L, 0 0 0 00 0 0 0 L 00 0

So, M,, = M. Now, if we suppose that 0 € ®%N®YNPY then 0 € ®4,. Applying Theorem
5.2.1 , there exists ng € N such that for every n > ng, 0;(M,,) C [0;(A) Uo;(E) Uo;(L)] +
O, fori=f w. =

Remark 5.4.1 If M,, = M¢ and A,C — AC, A,B — AB, B,F — BF, E,F — EF
and B, - B,C, —C, F, - F, D, —0,G, —0, H, —» 0, then A, > A, E, %> E, and
L, % L. In fact, let M,, = Mg,

0 -B, —C, 0 -B —C
D, 0 -F |=]0o 0o —F |, and
G, —H, 0 0 0 0
0 -B —C 0 —(A,—A)B —(A, — A)C — (B, — B)F
(Ma=Mc) | 0 0 —F | =] o0 0 (B, — E)F 0.
0 0 0 0 0 0

Corollary 5.4.1 Let X be a Banach space. In the product space X ® X ® X, we consider
A, B, C,

a sequence of operators formally defined by a matriz M,, = 0 E, F, |- LetA, and
0 0 L,
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A be two closed operators acting on the Banach space X and having the domain D(A,,)
and D(A) respectively. E, and E acting on the Banach space X and having the domain
D(B,), and D(E) respectively. L, and L acting on the Banach space X and having the
A 0 O
domain D(L,,), and D(L) respectively and let B, Cy,, F,, € L(X) and M =] 0 E 0

0 0 L
and let A € p(A) N p(E) N p(L) N p(An) O p(Ey) N p(Ly). If (A= Ag)™h = (A= A)7,
A=E)'"SON-E)"", AN=L)' S AN-L)Y, B, —0,C, — 0,and F,, — 0, then for

each open set O C C with 0 € O, there exists ng € N such that for every n > ng
0w(My) Clow(A)Uoy,(E)Uo,(L)] + O, (5.4.5)

and

of(My) Clof(A)Uos(E)Uas(L)] + O. (5.4.6)
Proof. Obviously, we can verify that,

A=4,)""  BuA—A) A= E)™ (ByFu(A— E) " 4+ C)(A— Ay)E A — L)
(A=M,) "t = 0 (A—E,)! Ey(A—E,)'(A = L)
0 0 (A—L,)!

Since B, (A — A,) *(A—E,)' =0, (B,F,(A—=E,) ' +C,) (A= A4,)*(A—L,)"* — 0, and
F,(A=E,)Y(\—= L,)™! — 0, then by using Theorem 5.4.1, we get
(A= M)t 5 (A= M)~ Now, using [30, Theorem 2.1] we deduce that

0:(M,,) Cloi(A)Uoi(E)Uo;i(L)]+ O, fori=f, w.

Theorem 5.4.2 Let X be a Banach space. In the product space X @ X ® X, we consider

a sequence of operators formally defined by a matriz

A, B, C, A B C
M, = 0 E, F, and Mc=1 0 E F
0 0 L, 0O 0 L
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such that A, A, € L(X), B, B, € L(X),C, C, € L(X), E, E, € L(X), F, F, € L(X), L,
L,€ L(X),B,— B,C,—Cand F, — F . If0 € ®%N®%N®4 and o;(A)No;(E)No;(L) =
0, fori= f, w. Then o; is v-continuous at A, E and L if, and only if, o; is v-continuous

at Mg, fori= f, w.

Proof. Since 0;(A) No;(E)No;(L) = 0, for i = f, w, then from the v-upper semi
continuity of o; at A, F and L, for i = f, w (see 5.2.3), and by using a similar reasoning of
130, Theorem 2.1}, for every sequence (A,) € L£(X), every sequence (E,) € L(X) and every
sequence (L,) € £(X) such that A, = A, E, 2 E and L, 2 L there exists ng € N such

that for all n > ng we have
0i(M,) = 0i(A,) Uoi(E,) Uoi(Ly,), fori=f, w. (5.4.7)

"—-" Assume that o; is v-continuous at A, F and L and we show that o; is v-continuous
at M¢ for i = f, w. Let M,, = M. First by using Theorem 5.2.3, 0; is v-upper semi
continuous at Mg, for ¢+ = f, w. It is sufficient to show that o; is v-lower semi continuous
at M¢ for i = f, w. We suppose M,, = Mg, then by using [8, Remarque 3.4] we have
A, 5 A, E, % F and L, = L. Since o; is v-lower semi continuous at A, E and L we have

0;(A) C liminf 0;(A,), 0;(FE) C liminf 0;(E,) and o;(L) C liminf 0;(L,,) for i = f,w. Then
[ai(A)Uai(E)Uai(L)] C [(lim inf 0;(A4,,))U(liminf 0;(E,))U( lim inf O'i(Ln))}, fori = f, w.

Hence (0;(A)Uo;(E)Uo;(L)) C liminf(o;(A,)Uoi(E,)Uo;(Ly,)) for i = f, w. This implies
that, 0;(M¢) C liminf (0;(M,,)) for i = f, w. Hence, o; is v-lower semi continuous at M

for i = f, w.

"«<—" Assume that o; is v-continuous at M. We show that o; is v-continuous at A, E
and L for i = f, w. Let A, > A, E, %> F and L, = L. By using 5.2.3, 0; is v-upper semi

continuous at A, F and L for ¢ = f, w. then continuous at A, F and L for i = f, w. So,

limsupo;(A4,) C 0,(A) for i = f, w,
limsup o;(E,) C 0;(F) for i = f, w, and

limsup o;(L,) C 0;(L) for i = f, w. (5.4.8)
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Now, we prove that o; is v-lower semi continuous at A for i = f, w. Let A € ¢;(A) for
i = f, w. Since 0;(A) C 0,(M¢), then\ € 0;(Mc) for i = f, w. By using Theorem 5.4.1

we have M,, = M. It follows from v-lower semi continuity of o; at M¢

A € liminf (0;(M,,)) fori= f, w.
Then there exists a sequence (\,) such that A, € 0;(M,,) and \,, — A for i = f, w. On the
other hand, by Eq. (5.4.7), there exists N € N such that A\, € 0;(M,,) = 0,(A,) Uo;(E,) U
oi(Ly), for all n > N and i = f, w. We discuss two cases.

1%tcase. If A, € 0,(A,), for all n > N and i = f, w thus A € liminf o;(A4,) and hence o; is

v-continuous at A for i = f, w.

2"cgse. If there exists a subsequence An; Of A, such that A\, € (04(Ey,) N0oi(Ly,)), then we
have A € limsup o,(E,,)No;(Ly,) fori = f, w. Using Eq. (5.4.8) we obtain A\ € o;(E)Nao;(L)
for i = f, w. This shows that A\ € 0;,(F)No;(L)No;(A) for i = f, w. This is a contradiction.
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Conclusion and perspectives

The main thrust of this thesis is in the spirit of the operator theory and spectral theory,
its aim is to give a study of some parts of the essential spectrum for a sequence of linear
operators (The essential approximate point spectrum, the essential defect spectrum, the
Weyl essetial spectrum and the Wolf essential spectrum) using different types of convergences
(Generalized convergence sense, the convergence compactly, and the v—convergece). The
results obtained are used to study the spectrum continuity.

By the preceding chapters, a question do, however, remain open to further investigation.
We point out that the operations of addition and composition in £(X) are not compatible
with v—convergence. What conditions do we need to put in place to get compatibility?.
Do we Can introduce a new type of convergence that preserves the characteristics of the

v—convergence and achieves compatibility?
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